AN END-TO-END CONSTRUCTION FOR SINGLY PERIODIC MINIMAL 

SURFACES 

L. HAUSWIRTH, F. MORABITO, AND M. M. RODRIGUEZ 

Abstract. We show the existence of various families of properly embedded singly periodic 
minimal surfaces in R with finite arbitrary genus and Scherk type ends in the quotient. The 
proof of our results is based on the gluing of small perturbations of pieces of already known 
minimal surfaces. 
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1. Introduction 

Besides the plane and the helicoid, the first singly periodic minimal surface was discovered 
by Scherk [32J in 1835. This surface, known as Scherk's second surface, is a properly embedded 
(— i ■ minimal surface in M 3 invariant by one translation T we can assume along the X2-axis, and can 

be seen as the desingularization of two perpendicular planes Pi and P2 containing the X2-axis. 
We assume Pi, P2 are symmetric with respect to the planes {x\ = 0} and {2:3 = 0}. By changing 
the angle between Pi,P2 we obtain a 1-parameter family of properly embedded singly periodic 
minimal surfaces, we will refer to as Scherk surfaces. In the quotient M 3 /T by its shortest trans- 
lation T, each Scherk surface has genus zero and four ends asymptotic to flat annuli contained 
in Pi/T, P2/T. Such ends are called Scherk-type ends. 
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In 1982, C. Costa O [3] discovered a genus one minimal surface with three embedded ends: 
one top catenoidal end, one middle planar end and one bottom catenoidal end. D. Hoffmann and 
W.H. Meeks [9J [10] proved the global embeddedness for this Costa example, and generalized 
it for higher genus. For each k ^ 1, Costa-Hoffman-Meeks surface Mfc (we will abbreviate by 
saying CHM example) is a properly embedded minimal surface of genus k and three ends: two 
catenoidal ones and one middle planar end. 
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F. Martin and V. Ramos Batista [18] have recently constructed a properly embedded singly 
periodic minimal example which has genus one and six Scherk-type ends in the quotient R 3 /T, 
called Scherk-Costa surface, based on Costa surface (from now on, T will denote a translation 
in the 22-direction). Roughly speaking, they remove each end of Costa surface (asymptotic to 
a catenoid or a plane) and replace it by two Scherk-type ends. In this paper we obtain surfaces 
in the same spirit as Martin and Ramos Batista's one, but with a completely different method. 
We construct properly embedded singly periodic minimal surfaces with genus k ^ 1 and six 
Scherk-type ends in the quotient R 3 /T, by gluing (in an analytic way) a compact piece of M^ 
to two halves of a Scherk surface at the top and bottom catenoidal ends, and one flat horizontal 
annulus P/T with a disk removed at the middle planar end. 
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Theorem 1.1. Let T denote a translation in the X2- direction. For each k ^ 1, there exists a 
1-parameter family of properly embedded singly periodic minimal surfaces in M 3 invariant by T 
whose quotient in M 3 /T has genus k and six Scherk-type ends. 

V. Ramos Batista [29j constructed a singly periodic Costa minimal surface with two catenoidal 
ends and two Scherk-type middle end, which has genus one in the quotient M 3 /T. This example 
is not embedded outside a slab in M 3 /T which contains the topology of the surface. We observe 
that the surface we obtain by gluing a compact piece of Mi (Costa surface) at its middle planar 
end to a flat horizontal annulus with a disk removed has the same properties as Ramos Batista's 
one. 

In 1988, H. Karcher [13j [14] defined a family of properly embedded doubly periodic minimal 
surfaces, called toroidal halfplane layers, which has genus one and four horizontal Scherk-type 
ends in the quotient. In 1989, W.H. Meeks and H. Rosenberg [21] developed a general theory for 
doubly periodic minimal surfaces having finite topology in the quotient, and used an approach 
of minimax type to obtain the existence of a family of properly embedded doubly periodic min- 
imal surfaces, also with genus one and four horizontal Scherk-type ends in the quotient. These 
Karcher 's and Meeks and Rosenberg's surfaces have been generalized in [30], constructing a 3- 
parameter family K, = {M ff!a ^} ffia ^ of surfaces, called KMR examples (sometimes, they are also 
referred in the literature as toroidal halfplane layers). Such examples have been classified by 
J. Perez, M.M. Rodriguez and M. Traizet [27] as the only properly embedded doubly periodic 
minimal surfaces with genus one and finitely many parallel (Scherk-type) ends in the quotient. 
Each M ata fl is invariant by a horizontal translation T (by the period vector at its ends) and a 
non horizontal one T . We denote by M„ iQ ^ the lifting of M ff)a!j/ g to M 3 /T, which has genus zero, 
infinitely many horizontal Scherk-type ends, and two limit ends. 

In 1992, F.S. Wei [33] added a handle to a KMR example M ff) o,o in a periodic way, obtaining 
a properly embedded doubly periodic minimal surface invariant under reflection in three orthog- 
onal planes, which has genus two and four horizontal Scherk-type ends in the quotient. Some 
years later, W. Rossman, E.C. Thayer and M. Wolgemuth [31] added a different type of handle 
to a KMR example -M CTi o,o, also in a periodic way, obtaining a different minimal surfaces with 
the same properties as Wei's one. They also added two handles to a KMR example, getting 
doubly periodic examples of genus three in the quotient. L. Mazet and M. Traizet [20] have re- 
cently added N ^ 1 handles to a KMR example M ff) o,Oi obtaining a genus N properly embedded 
minimal surface in R 3 /T with an infinite number of horizontal Scherk-type ends and two limit 
ends. The idea of the construction is to connect N periods of the doubly periodic example of 
Wei with two halves KMR example. However they only control the asymptotic behavior in their 
construction. They have also constructed a properly embedded minimal surface in M 3 /T with 
infinite genus, adding handles in a quasi-periodic way to a KMR example. 

L. Hauswirth and F. Pacard [6] have constructed higher genus Riemann minimal examples in 
M 3 , by gluing two halves of a Riemann minimal example with the intersection of a conveniently 
chosen CHM surface with a slab. We follow their ideas to generalize Mazet and Traizet's examples 
by constructing higher genus KMR examples: we construct properly embedded singly periodic 
minimal examples whose quotient in R 3 /T has arbitrary finite genus, infinitely many horizontal 
Scherk-type ends and two limit ends. More precisely, we glue a compact piece of a slightly 
deformed CHM example M& with tilted catenoidal ends, to two halves of a KMR example M ffyOI $ 
or Mfjfifi (see Figure [T]) and a periodic horizontal flat annuli with a disk removed. 
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Figure 1. A sketch of half a KMR example M^o glued to a compact piece of 
Costa surface. 

Theorem 1.2. Let T denote a translation in the %2-direction. For each k ^ 1, there exist two 
1 -parameter families K\,K,2 of properly embedded singly periodic minimal surfaces in M 3 whose 
quotient in M 3 /T has genus k, infinitely many horizontal Scherk-type ends and two limit ends. 
The surfaces in K,\ have a vertical plane of symmetry orthogonal to the x\-axis, and the surfaces 
in /C2 have a vertical plane of symmetry orthogonal to the X2-axis. 

L. Mazet, M. Traizet and M. Rodriguez [TH] have recently constructed saddle towers with 
infinitely many ends: they are non-periodic properly embedded minimal surfaces in R 3 /T with 
infinitely many ends and one limit end. In the present paper, we construct (non-periodic) 
properly embedded minimal surfaces in M 3 /T with arbitrary finite genus k ^ 0, infinitely many 
ends and one limit end. With this aim, we glue half a Scherk example with half a KMR example, 
in the case k = 0; and, when k ^ 1, we glue a compact piece of the CHM example M*. to half 
a Scherk surface (at the top catenoidal end of M^), a periodic horizontal flat annuli with a disk 
removed (at the middle planar end) and half a KMR example (at the bottom catenoidal end), 
see Figure [2l 

Theorem 1.3. Let T denote a translation in the X2-direction. For each k ^ ; there exists a 
1-parameter family of properly embedded singly periodic minimal surfaces in M 3 whose quotient 
in M 3 /T has genus k, infinitely many horizontal Scherk-type ends and one limit end. 

The family of KMR examples is a three parameter family which contains two subfamilies 
whose surfaces have a vertical plane of symmetry. In the construction of examples satisfying 
theorems 11.21 and 11.31 we need to have at least one vertical plane of symmetry in order to control 
the kernel of the Jacobi operator on each glued piece. F. Morabito [24] has recently proved there 
is a bounded Jacobi field which does not come from isometries of M 3 on the CHM bent surface. 
For this reason, we are not able to produce a 3-parameter family of KMR examples with higher 
genus in theorem 11.21 

The paper is organized as follows: In section [2] we briefly describe the CHM examples M& and 
obtain, for each genus k, a 1-parameter family of surfaces M^(^) by bending the catenoidal ends 
of Mfc = Mfc(0) keeping a vertical plane of symmetry. This is used to prescribe the flux of the 
deformed CHM surface, which has to be the same as the corresponding KMR example we want 
to glue (theorem I1.2J1 . To simplify the construction of examples satisfying theorems 11.11 and 11.31 
we consider a "no bent" CHM example M^. In section [3] we perturb Mj.(£) using the implicit 
function theorem. We get an infinite dimensional family of minimal surfaces that have three 
boundaries. 
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Figure 2. A sketch of a surface in the family of theorem 11.31 



In section [4j we apply an implicit function theorem to solve the Dirichlet problem for the 
minimal graph equation on a horizontal flat periodic annuli with a disk B removed, prescribing 
the boundary data on dB and the asymptotic direction of the Scherk-type ends. We construct 
the flat annuli with a disk removed we will glue to the CHM example at its middle planar end. 
Varying the asymptotic direction of the ends and the flux of the surface, we obtain the pieces 
of Scherk example we will glue at the top and bottom catenoidal ends of the CHM example 
(proving theorem ll.ip and to half a KMR example (theorem II. 3|) . 



In section [5J we study the KMR examples M ff>a) /3 and describe a conformal parametrization 
of these examples on a cylinder. We also obtain an expansion of pieces of the KMR examples as 
the flux of M ff>a> becomes horizontal (i.e. near the catenoidal limit). Section [6] is devoted to the 
study of the mapping properties of the Jacobi operator about such M a>a $ near the catenoidal 
limit. And we apply in section [7J the implicit function theorem to perturb half a KMR example 
M a , a ,o (resp. M^o,/?), obtaining a family of minimal surfaces asymptotic to half a M ff)Q) o (resp. 
M a ,o,/d) and whose boundary is a Jordan curve. We prescribe the boundary data of such a sur- 
face. We remark that sections EJ El [7J are of independent interest. They are devoted to the global 
analysis on KMR examples. 



Finally, we do the end-to-end construction in section [8j we explain how the boundary data of 
the corresponding minimal surfaces constructed in sections HJ [3] and [7J can be chosen so that the 
union of these forms smooth minimal surfaces satisfying theorems 11.11 11.21 and 11.31 

2. A Costa-Hoffman-Meeks type surface with bent 

CATENOIDAL ENDS 

In this section we recall the result shown in [B] about the existence of a family of minimal 
surfaces M*.(£) close to the Costa-Hoffman-Meeks surface M^(0) = M^ of genus k ^ 1, with one 
planar end and two slightly bent catenoidal ends by an angle £. 

2.1. Costa-Hoffman-Meeks surfaces. We briefly present here the family of CHM surfaces 
Mfc studied in [2j [3j [8j [9j [TU] . For each natural k ^ 1, M^ is a properly embedded minimal 



AN END-TO-END CONSTRUCTION FOR SINGLY PERIODIC MINIMAL SURFACES 5 

surface of genus k and three ends. After suitable rotations and translations, we can assume its 
ends are horizontal (in particular, they can be ordered by heights) and it enjoys the following 
properties: 

(1) Mfc has one middle planar end E m asymptotic to the plane {X3 = 0}, and two catenoidal 
ends: one top E t and one bottom Ef,, respectively asymptotic to the upper and lower 
end of a catenoid having as axis of revolution the £3-axis. 

(2) Mfc intersects the {x^ = 0} plane in k + 1 straight lines, which intersect at equal angles 
|rpY at the origin. The intersection of M^ with any one of the remaining horizontal planes 
is a single Jordan curve. Thus the intersection of M& with the upper half-space {x$ > 0} 
(resp. the lower half-space {x-j < 0}) is topologically an open annulus. 

(3) The symmetry group of M^ is generated by 7r-rotations about the k + 1 lines contained 
in the surface at height zero, together with the reflection symmetries in vertical planes 
that bisect those lines. Assume one of such planes of symmetry is the {x2 = 0} plane. 
In particular, M^ is invariant by the rotation of angle -^- about the X3-axis and by the 
composition of a rotation by angle jrrj about the a^-axis with the reflection symmetry 
across the {X3 = 0} plane. 

Now we give a local description of the surfaces M& near its ends and we introduce coordinates 
that we will use. 

The planar end. The planar end E m of M& can be parametrized [6] by 



x 

\x\ 



X m (x)=[ T -^,u m (x))eR 3 , x£B* po (0) 



where B* o (0) is the punctured closed disk in M 2 of radius po > small centered at the origin, 
and u m = 0^2, a (|x| fc+1 ) is a solution of 

(1) |x| 4 div ( : - ," —jt ) =0. 

y ' ' ' \{l + \x\ A \Vu\ 2 ) 1 / 2 ) 

Moreover, u m can be extended continuously to the puncture, using Weierstrass representation 
(in fact, it can be extended as a C 2 ' a function). Here O c ^,a^g) denotes a function that, together 
with its partial derivatives of order less than or equal to n + a, is bounded by a constant times 

9- 

If we linearize in u = the nonlinear equation ([T|), we obtain the expression of an operator 
which is the Jacobi operator about the plane; i.e. £ ffi 2 = |rc| 4 Ao. To be more precise, the 
linearization of (pj) gives 

(2) L u v = |x| 4 div - |x| 4 Vn- 



^l + |x| 4 |Vn| 2 ^(l + |a;| 4 |Vu| 



2A3 



Equation (fl|) means that the surface S u parametrized by x *—■ > (-A^,u(x)j is minimal. We will 
give the expression of the mean curvature H u+V of T, u+V in terms of the mean curvature H u of 

Lemma 2.1. There exists a function Q u satisfying Q M (0,0) = \7Q' U (0, 0) = such that 
(3) 2H U+V = 2H U + L u v + \x\ A Q u (^/\xYVv, ^/\xfV 2 v). 

Proof. Define f(t) = , == and apply Taylor expansion. □ 

yl+|x| 4 |V(M+ti;)| 2 
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Since u satisfies ((TJ, then H u = 0. The minimal surface equation that we will use in the 
following sections is: 



(4) \x\ A (A v + Vl + M 4 |Vu| 2 (L u v + Q u (\x\ 2 Vv, \x\ 2 V 2 v))J = 0, 

where L u is a second order linear operator whose coefficients are in C 2, a (|x| fc+1 ) . 

The catenoidal ends. We denote by X c the parametrization of the standard catenoid C whose 
axis of revolution is the 213-axis. Its expression is 

X c (s,6) := (coshs cos 9, cosh s sin9,s) £ R 

where (s,6) £~Rx S 1 . The unit normal vector field about C is 

n c (s,9) := — - — (cosf9,sin<9,-sinhs), (s,9) GRx S 1 . 
coshs 

Up to a dilation, we can assume that the two ends E t and E b of M& are asymptotic to some 
translated copy of the catenoid parametrized by X c in the vertical direction. Therefore, E t and 
Eh can be parametrized, respectively, by 

X t := X c + w t n c + a t e 3 in (s , 00) x S 1 , 

X b := X c - w b n c - a b e 3 in (-00, -so) X S 1 , 

where at, a b G R, and wt (resp. w b ) is a function defined in (sq, 00) x S* 1 (resp. (—00, — so) X S 1 ) 
which tends exponentially fast to as s goes to +00 (resp. —00), reflecting the fact that the 
ends are asymptotic to a catenoidal end. 

We recall that the surface parametrized by X := X c + wn c is minimal if and only if the 
function w satisfies the minimal surface equation which, for normal graphs over a catenoid has 
the following form 

(5) h c w + —^ (q 2 (-^—)+ coshs Q 3 (-0L-)) =0, 

cosh s v v cosh s / V cosh s / / 

where he is the Jacobi operator about the catenoid, i.e. 

1 (<&„.. , «2 2w 



h c w = — -5— d ss w + d ee w + 



cosh 2 s \ "" cosh 2 s 

and Q2, Q3 are linear second order differential operators which are bounded in C fc (R x S 1 ), for 
every k, and satisfy Q 2 (0) = Q 3 (0) = 0, VQ 2 (0) = VQ 3 (0) = 0,V 2 Q 3 (0) = and then: 

(6) \\Qj(v 2 ) - <5i(wi)||co,-([ S)S+ i]x5 1 ) ^ C f sup |bi|| C 2, Q([SiS+1]x5 i ) j H-U2 - Wi|| C 2, Q ([ SiS+ i]x5 1 ) 

for all s G R and all v\,V2 such that 11^ ||c 2 . a ([s,s+i] xS" 1 ) ^ 1- The constant c > does not depend 
on s. 



2.2. The family of Costa-Hoffman-Meeks surfaces with bent catenoidal ends. Denote 
by i?g the rotation of angle £ about the X2-axis oriented by e 2 . Using an elaborate version of the 
implicit function theorem and following [12] and [17] it is possible to prove the following 
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Theorem 2.2 ([6]). There exists £o > and a smooth 1 -parameter family of minimal surfaces 
{-Mfc(£) | £ S (— £oi£o)} such that Mfc(O) = M& ane? eac/i M&(£) is invariant by the reflection 
symmetry across the {x2 = 0} plane, has one horizontal planar end E m and has two catenoidal 
ends Et(£),Eb(£) asymptotic respectively, up to a translation, to the upper and lower end of the 
catenoid R^C (i.e. the standard catenoid whose axis of revolution is directed by R^e-s). Moreover, 
Et(£),Eb(£) can be parametrized respectively by 

(7) X t £ = R^ (X c + w t ,$ n c ) + a t ,$ e 3 + s t ,£ e.\ 

(8) X b £ = R$ (X c - w b ,z n c ) - a b £ e 3 - <a,£ e\ 

where the functions Wt£,Wb£ and the numbers o~t£,St£i cr b£iSb,€ £ ^ depend smoothly on £ and 
satisfy 

where 

H W llc^([so,+oo)xSi) = ™f [ e ~ 5S \\ W \\c^({s,s+l]xSi)) > 

H W llc^((-oo,-so])x5i) = ^P [ e ~ SS \\ W \\c^{[s-l, S ]xS^) ■ 

For all s > so and p < po, we define 

(9) M fc (£, a, p) := M fe (£) - {X t ^([s, oo) x S 1 ) U X m (5 p (0)) U X^((-oo, -a] x S 1 )) . 

The parametrizations of the three ends of Mj.(£) induce a decomposition of Mfc(£) into slightly 
overlapping components: a compact piece Mfc(£, So + l,po/2) and three noncompact pieces 
X 4iC (( So ,oo) x S 1 ), X 6)€ ((-oo,-fl ) x S 1 ) and X m (5 po (0)). 

We define the weighted space of functions on M&(£). 

Definition 2.3. Given £ G N, a G (0,1) a^e? 5 6 K, me define C s ' a (Mk(£)) as the space of 
functions in C,'(M/ t (£)) for which the following norm is finite 

IHIc$ ,o (M fc (0) : = lk||c<,a(Af fc ({, BO +l I po/2)) + ll woX ™llc^(i} PO (0)) 

+ ||U» o Xt,dl C ^([ S0 ,+oc)xSi) + H w ° X ^Hc^((-oo,- S0 ]x5i) 
ane? which are invariant by the reflection symmetry across the {x2 = 0} plane, i.e. w(p) = w(p) 
for allp= (pi,P2,P3) e M fe (£), where p:= (pi,-p2,P3)- 

We remark that there is no weight on the planar end E m of Mfc(£). In fact, we can compactify 
this end and consider a weighted space of functions defined on a two-ended surface. In the next 
section we will consider normal perturbations of Mfc(£) by functions u £ C s ' a and the planar end 
E m will be just vertically translated. 

The Jacobi operator. The Jacobi operator about Mfc(£) is 

h M k (0 ■= A M k (0 + \ A M k (0\ 2 

where I ^4-iW fc (f ) I is the norm of the second fundamental form on Mfc(£). 

In the parametrization of the ends of -M*.(£) introduced above, the volume form dvol Mh ig\ can 
be written as ^ftdsdO ( resp. jbdsdO, r ) m dx\dx2) near E t {Cj (resp. -£?&(£), E m ). We define 
globally on M&(£) a smooth function 

7 :Af fc (0^[0,oo) 
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that equals 1 on M k (^,so — 1, 2po) and equals 74 (resp. 75, 7 m ) on the end E t (£,) (resp. £k(£), 
E m ). Observe that 

(joX t ^)(s,0) ~ cosh 2 s on X t ^((s ,oo) x S 1 ), 

(7 o Xb^)(s,9) ~ cosh 2 s on Xf,^((— 00, — so) X S 11 ), 
(7 o X m )(x) ~ |x|" 4 on B po . 
Granted the above defined spaces, one can check that: 

C^s: Cf a (M k (0) — > C° s > a (M k (0) 

w 1 — > 7 L Af t (o( w ) 

is a bounded linear operator. The subscript 5 is meant to keep track of the weighted space over 
which the Jacobi operator is acting. Observe that, the function 7 is here to counterbalance the 
effect of the conformal factor , * in the expression of the Laplacian in the coordinates we 

\/\9M k ({)\ 

use to parametrize the ends of the surface M k {£,)- This is precisely what is needed to have the 
operator defined from the space C s ,a {M k {S,)) into the target space C 5 ' Q (Mfc(^)). 

To have a better grasp of what is going on, let us linearize the nonlinear equation (J5j) at w = 0. 
We get the expression of the Jacobi operator about the standard catenoid 



^c:=-±TZ \di+dj + 



cosh s \ cosir s 

We can observe that the operator cosh s~hc maps the space (coshs) C 2 ' a ((so,+cc) x S 1 ) into 
the space (coshs) <5 C°' Q ((s , +00) x S l ). 

Similarly, if we linearize the nonlinear equation (JTJ) at u = 0, we obtain (see d2]) with u = 0) 
the expression of the Jacobi operator about the plane 

L M 2 := |x| 4 A . 

Again, the operator |a;| _4 Ljj2 = Ao clearly maps the space C 2,a (B po ) into the space C°' a (B po ). 
Now, the function 7 plays, for the ends of the surface Mfc(£), the role played by the function 
cosh s for the ends of the standard catenoid and the role played by the function \x\~ 4 for the 
plane. Since the Jacobi operator about M&(£) is asymptotic to L R 2 at E m and is asymptotic 
to Lc at Et(£) and Eb(£), we conclude that the operator £^5 maps C s ' a (Mk(^)) into C s ' a (Mk(S,))- 

We recall the notion of non degeneracy introduced in [6]: 
Definition 2.4. The surface Mfc(£) is said to be non degenerate if £,£,5 is injective for all 5 < —1. 

It useful to observe that a duality argument in the weighted Lebesgue spaces, implies 
(C$,6 is injective) 44> (£f,-.5 is surjective) 
provided 5 £ Z. See [12], [223 for more details. 

The non degeneracy of Mfc(£) follows from the study of the kernel of £^,5. 

The Jacobi fields. It is known that a smooth 1-parameter group of isometries containing the 
identity generates a Jacobi field, that is a solution of the equation h Mk ^u = 0. The solutions 
which are invariant under the action of the reflection symmetry across the {X2 = 0} plane, are 
generated by dilations, vertical translations and horizontal translations along the xi-axis (we 
refer [6 J for details): 
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• The group of vertical translations generated by the Killing vector field H(p) = e% gives 
rise to the Jacobi field $°' + (j>) := n(p) ■ e%. 

• The vector field S(p) = p associated to the 1-parameter group of dilation, generates the 
Jacobi fields <l> '~(p) := n(p) -p. 

• The Killing vector field H(p) = e\ that generates the group of translations along the 
xi-axis is associated to a Jacobi field 3> 1,+ (j>) := n(p) • e±. 

• Finally, we denote by ^ x, ~(p) := n(p) ■ (e2 X p) the Jacobi field associated to the Killing 
vector field H(p) = e^ x P that generates the group of rotations about the a^-axis. 

There are other Jacobi fields we do not take into account because they are not invariant by the 
reflection symmetry across the {x2 = 0} plane. 

With these notations, we define the deficiency space 

O-Spantet^Xft* 3 ''* :i = 0,l} 

where xt is a cutoff function that is identically equal to 1 on X t ^((so + 1, oo) x S 1 ), identically 
equal to on Mfc(£) — X t ^((so, oo) x S 1 ) and that is invariant under the action of the symmetry 
with respect to the {x2 = 0} plane; and 

Xb(-) :=Xt(--)- 
Clearly, 

£ W : Cf a (M k (0)®V — C° s ' a (M k (0) 

w i — ► jh Mk{0 (w) 

is a bounded linear operator, for 6 < 0. 



A result of S. Nayatani [251 [26] extended by the second author [24] states that any bounded Ja- 
cobi field invariant by the reflection symmetry across the {x2 = 0} plane, is linear combination 
of <J>°>+ and <J? 1,+ . This fact together with an adaptation to our setting of the linear decom- 
position lemma proved in [17] for constant mean curvature surfaces (see also [12| for minimal 
hypersurfaces), allows us to prove the following result. 

Proposition 2.5. We fix 5 £ (—2, —1). Then (reducing £o if this is necessary) the operator C^Si 
for |£| < £o> i s surjective and has a kernel of dimension 4. 

From that we get the following one about the operator C^^ 

Proposition 2.6. We fix 8 & (1,2). Then (reducing £o if this is necessary) the operator C^s 
is surjective and there exists G^^s a, right inverse for £^5 that depends smoothly on £ and in 
particular whose norm is bounded uniformly as |£| < £o- 

3. Infinite dimensional family of minimal surfaces close to Mfc(£) 

In this section we consider a truncature of Mfc(£). First we write portions of the ends of Mfc(£) 
as vertical graphs over the {x% = 0} plane. 

Lemma 3.1 (|6j). There exists Sq > such that, for all e E (0, £0) an d a ^ |£| ^ £ , an annular 
part of the ends Et(£), -£*(£) and E m of M k (S,) can be written, respectively, as vertical graphs 
over the annulus i?2r e — A>/2 f or the functions 

U t (r, 6) = a u + ln(2r) - £ r cos 6 + O c ™ (e), 
U b (r,6) = -a u - ln(2r) - £r cos 6 + O c ™{e), 
U m (r,9) = O c ™(r-( k+ V). 
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Here (r,9) are the polar coordinates in the {x^ = 0} plane. The functions O(e) are defined in 
the annulus B 2re — B Te i 2 and are bounded in the C£° topology by a constant (independent on e) 
multiplied by e, where the partial derivatives are computed with respect to the vector fields r d r 
and d$ . 

In particular, a portion of the two catenoidal ends E t (e/2) and E^e/2) of Mfc(e/2) are graphs 
over the annulus B 2Te — B Te / 2 C {^3 = 0} for functions Ut and U},. We set 

s £ = — lne, p £ = 2e 1 l 2 and 

M£(e/2)=M k (e/2) - (* t , e/2 ((s e ,+oo) x S l ) U X b , e / 2 ((-oo, -s £ ) x S 1 ) U X m (B Pe (0))) ■ 

We prove, following section 6 in [6], the existence of a family of surfaces close to Mj(£). In 
a first step, we modify the parametrization of the ends Et(e/2), E{,(e/2), E m , for appropriates 
values of s, so that, when r € [3r e /4, 3r e /2] the curves corresponding to the image of 

9 ^ (r cos9,r sinO, Ut(r, 9)), 9 — ► (r cos9,r sin#, Ub(r, 9)), 

9 — > (r cos9,r sin 6, U m (r, 9)) 

correspond respectively to the curves {s = ln(2r)}, {s = — ln(2r)}, {/7 = ^}. 

The second step is the modification of the unit normal vector field on M^(e/2) to produce a 
transverse unit vector field h £ / 2 in such a way that it coincides with the normal vector field n £ / 2 
on Mfc(e/2), is equal to e^ on the graph over B 3re / 2 — B^ Te / A of the functions Ut and C/j and 
interpolate smoothly between the different definitions of n e / 2 i n different subsets of Mj(e/2). 

Finally we observe that close to E t (e/2), we can give the following estimate: 

(10) |cosh s (^M k (e/2) v ~ cosh" s (d ss v + dggv )) J ^ c |cosh _ sv\. 

This follows easily from (EJ together with the fact that Wt£ (see ©) decays at least like cosh - s 
on E t {e/2). Similar considerations hold close the bottom end E\,{e/2). Near the middle planar 
end E m , we observe that the following estimate holds: 

(11) ||x|- 4 (h Mk (e/2)V ~ \x\*A v)\ < c\\ X \ 2k+3 Vv . 

This follows easily from (J2J) together with the fact that u m decays at least like |x| fc+1 on E m . 



The graph of a function u, using the vector field h £ /2, will be a minimal surface if and only if 
u is a solution of a second order nonlinear elliptic equation of the form 

L AfJ (e/2) u = L e/2 U + Q £ (u) 

where h M T/ £ / 2 \ is the Jacobi operator about Mj(e/2), Q £ is a nonlinear second order differential 

operator and L £ i 2 is a linear operator which takes into account the change of the normal vector 
field (only for the top and bottom ends) and the change of the parametrization. This operator is 
supported in a neighborhoods of {±s £ } X S 1 , where its coefficients are uniformly bounded by a 
constant times e 2 , and a neighborhood of {p £ } x S 1 where its coefficients are uniformly bounded 
by a constant times e 3 . 

Now, we consider three even functions ipt, <pb, fm £ C 2,a (S l ) such that tpt, <-Pb are L 2 -orthogonal 
to 1 and 9 — ► cos0 while ip m is L 2 -orthogonal to 1. Assume that they satisfy 

(12) ||(/?i|| C 2, Q + II yftHca.Q! + ||(^ m ||c2,c« ^ KE. 

We set <1> := (<pt, <pb, <Pm) and we define w$ to be the function equal to: 
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(1) x+( s ) H Vt (s £ — s, •) on the image of X ti£ / 2 , where x+ is a cut-off function equal to for 
s ^ so + 1 and identically equal to 1 for s E [so + 2, s £ ], 

(2) X-( s ) H Vb {s — s £ , •) on the image of X^ £ i 2 , where %- is a cut-off function which equals 
for s ^ —so — 1 and 1 for s E [s £ , —sq — 2], 

(3) Xm{f) H Pstl p m (•, •) on the image of X m , where Xm is a cut-off function equal to for r ^ po 
and to 1 for p E [p e ,po/2], 

(4) in the remaining part of the surface AfJ(e/2), 

where H and H are, respectively, harmonic extensions of the operators introduced in Proposi- 
tions EL2] and El of Appendix A. 

We would like to prove that, under appropriates hypothesis, the graph over Mjjf (e/2) of the 
function u = w$ + v is a minimal surface. This is equivalent to solve the equation: 

L M[( £ /2)K +v) = L £/2 {w<$, + v) + Q e (w* + v). 

The resolution of the previous equation is obtained thanks to the following fixed point problem: 

(13) v = T($,v) 

with 

T($,v) = G £J%& o£ £ [7 [L e /2(W$ + V) - L M T (e/2) W$ + Q £ (w$ + v)j J , 

where <5 E (1,2), the operator G e / 2 ,& is t ne right inverse provided in Proposition 12.61 and £ £ is a 
linear extension operator 

S £ : C°' a «(e/2)) -^ C°' a (Af fc ( e /2)), 

(here C°' a (Mj(e/2)) denotes the space of functions of C°' Q (M fc (e/2)) restricted to M%(e/2)) such 
that £ £ u = i> in Mj£(e/2), £ £ v = in the image of [s £ + 1, +oo) x S 1 by X t ^ £ / 2 , in the image of 
(— oo, — s £ — 1) x S 1 by X^ £ i 2 and in the image of B pe j 2 x S l by X TO , and £ £ v is an interpolation 
of these values in the remaining part of Mk(s/2): 

(£ £ v) o X ti£/2 (s, 9) = (l + s £ - s)(v o X W2 (s £ , 0)), for (s, 0) E [s £ , s £ + 1] x S 1 
(£ e v) o X fej£/2 (s, 0) = (1 + s £ + a)(t; o X 6>£/2 (s £ , 0)) for (s, 0) E [-s £ - 1, -s £ ] x S 1 

(£ £ v)oX m (p,0) = (-p-l)(voX m (p £ ,0)) for (p.^tftAftlxS 1 . 

Remark 3.2. As consequence of the properties of £ £ , if suppv fl (i?p £ — B pe i 2 ) ^ £/ien 

||(£ e u) o X m \\ c o,a(B Po ) ^ c P7 a H u ° X m\\co><*(B Po -B Pe )- 
This phenomenon of explosion of the norm does not occur near the catenoidal type ends: 

\\{£ £ v) o X ti£ / 2 || C 0, Q ([ S0>+oo ) X 5i) < c\\v o A' t)£ / 2 || c o,«([ SOiSe ] X 5i). 
A similar equation holds for the bottom end. 

In the following we will assume a > and close to zero. 

The existence of a solution v E C s ' a (M^(e/2)) for the equation (fl~3]) is a consequence of the 
following result which proves that T is a contracting mapping. 
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Proposition 3.3. There exist constants c K > and e K > 0, such that 

(14) [|T(*,0)[| cfa {M^(e/2))^c K e" 2 

and, for all e G (0, e K ) and < a < \, 

1 
\\T{<f>,V2)-T(<f>,vi)\\ c 2, a(Mk{£/2)) ^ - ||u2-fl|lca.- (Mk(e/2)) , 

(15) ll r (*2,v)-T(*l,v)||ca,- (Afik(e/2)) ^C£||$ 2 -*l|| C 2,« (5l) , 

w/iere 

||3>2 — < ^l||c 2 . Q (S 1 ) = Wt,2 — ¥'t,lllc 2 . a (S 1 ) 
+ 11^,2 — ( / 3 6,l|lc 2 ' a (5 1 ) + Wm,2 ~ fm,l\\c 2 > a (S 1 ) 
for all v,V\,V2 G C s ' a (M^(s/2)) and satisfying ||u|L2,a ^ 2c K e 3 ' 2 and for all boundary data 
$,$i,$2 G [C 2 ' Q (5 1 )] 3 satisfying (12) . 

Proof. We recall that the Jacobi operator associated to Mfc(e/2), is asymptotic to the operator 
of the catenoid near the catenoidal ends, and it is asymptotic to the laplacian near of the planar 
end. The function w$ is identically zero far from the ends where the explicit expression of 
I j M fe (e/2) i s n °t known: this is the reason of our particular choice in the definition of w$. Then 
from the definition of w$, thanks to Proposition 12.61 to (fTUI) and (fTTI) . we obtain the estimate 

W& (7L m t (£/2) u;$) ll c o, Q(Mfc(£/2)) = 

<J C I |cO S h- 2 8 (W* O X W2 )| | C 0,a ([-0+liSe]xS1) + C | Icosh" 2 ( W * *6, e / 2 )| | C 0,« ([ _, ej _ 8() _ 1]xS1) + 

p 2k+3 V(w$ o X n 
Using the properties of L E / 2 , we obtain 

\\£ £ [n/L e/2 w 9 ) ll c o- (Mfe(e/2)) < ce\\w$, oX tie/2 || c o, a([so+1)Se]x5l) 

+ ce||w$ oX 6ie/2 || c o,a ([ _ Se _ S() _ 1]x5 i) + ce l ~ a/2 \\w<s, o X m || c o, Q ([ Pe>po ] x5 i) ^ c K e 3/2 . 

As for the last term, we recall that the operator Q £ has two different expressions if we consider 
the catenoidal type end and the planar end (see ([5]) and (|IJ)). It holds that 

\\£s {jQe (W*)) ll C 0.-(jjf h(e /2)) < C ^ /2 - 

Details are left to the reader. □ 

Theorem 3.4. Let be B := {w G C 5 ' a {Mj : ^) | ||tt>|| 2jQ , ^ 2c K e 3 ' 2 }. T/ien i/ie nonlinear mapping 
T defined above has a unique fixed point v in B. 

Proof. The previous lemma shows that, if e is chosen small enough, the nonlinear mapping T 
is a contraction mapping from the ball B of radius 2c K e 3 ' 2 in C s ' a (M^(s/2)) into itself. This 
value follows from the estimate of the norm of T(<£,0). Consequently thanks to Schauder fixed 
point theorem, T has a unique fixed point w in this ball. □ 

This argument provides a minimal surface Mj(e/2,<1>) which is close to Mj(e/2) and has three 
boundaries. This surface is, close to its upper and lower boundary, a vertical graph over the 
annulus B Te — B rs / 2 whose parametrization is, respectively, given by 

Ut{r, 9) = a t>£/2 + ln(2r) + E -r cos 9 + H n {s e - ln2r, 9) + V t {r, 9), 



"5 
a 

ce 



C^dpe^xS 1 ) 



<C K S^. 
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U b (r,6) = -ff 6jC/2 - ln(2r) + |rcos0 + H^(s £ - ln2r,0) + V b (r,0), 

where s £ = — g hie. The boundaries of the surface correspond to r £ = ~ e -1 / 2 . Nearby the middle 
boundary the surface is a vertical graph over the annulus B Te — -B re/ / 2 , Its parametrization is 

U m (r, 6) = H pe}tpm (l/r, 6) + V m (r,9), 

where p £ = 2s 1 ' 2 . All the functions V{ for i = t, b, m depend non linearly on e, ip. 

Lemma 3.5. The functions Vi(e,tpi), fori = t,b, satisfy \\Vi(e,ipi)(r £ -,-)\\ c2 , a / B2 _ Bi \ ^ ce and 

(16) \\Vi(£,cpi >2 )(r e ;-) -Vi(e, l Pi,i)(re-,-)\\c^(B 2 -B 1/2 ) < ce X ~ S,2 \Wi,2 - <Pi,l\\ C *,<* 
The function V m (e,(p) satisfies \\V m (e,<p)(j> e ', -)\\c 2 - a (B 2 -B 1/2 ) ^ c£ and 

(17) \\V m (e,ip m ^)(p £ -,-) ~ Kn(e,^m,l)(P£-,-)llc 2 >«(B 2 -Bi/2) ^ ^11^,2 - ^m,l||c 2 . Q 

Proof. The wanted estimates follow from 

\\Vi(e, <p 2 )(; ■) - Vi(e, </>i)(-, OIIc^b^-b,^) < «**'« ||T($ 2 , V$) - T^, ^)|| c ^ (e/2)) , 
for i = t,b, together with 

||y m (^ 2 )(-,0-K^i)^0llc^(£ 2 ^^ 

and the estimate (fl5j) of Proposition 13,31 □ 

4. AN INFINITE FAMILY OF SCHERK TYPE MINIMAL SURFACES CLOSE TO A HORIZONTAL 

PERIODIC FLAT ANNULI 

This section has two purposes. The first one is to find an infinite family of minimal surfaces 
close to a horizontal periodic flat annuli £ with a disk D s removed. The surfaces of this family 
have two horizontal Scherk-type ends Ei,E 2 and will be glued on the middle planar end of a 
CHM surface. We will prescribe the boundary data tp on dD s . Assume the period T of S points 
to the x 2 -direction. Then Ei,E2 have the xi-axis as asymptotic direction. 

The second and more general purpose of this section is to show the existence of an infinite 
family of minimal graphs over £ — D s whose ends have slightly modified asymptotic directions. 
When the asymptotic directions are not horizontal, these surfaces are close to half a Scherk 
surface, seen as a graph over £ — D s (see Figure El above). A piece of one such surface will be 
glued to the catenoidal ends of a CHM example Mj, and to an end of a KMR example M CTi o,o- 
We will prescribe the boundary data on dD s . Since we need to prescribe the flux along dD s , we 
will modify the asymptotic direction of the ends and we will choose \T\ large. 

4.1. Scherk type ends. We parametrize conformally the annulus £ C M 3 /T on C*, with the 
notation (xi,x 2 ,xs) = (xi + 22^23), by the mapping 

( \T\ \ 

A(w)= (-^lm»,0j , w£C*. 

The horizontal Scherk-type end E\ described above can be written as the graph of a function 

hi G C 2 ' a (B;(0)), where £*(0) is the punctured disk B r (0) - {0} of radius r £ (0, 1) centered at 

the origin. The function hi(w) is bounded and extends to the puncture (see [7]). The end E\ 

can be parameterized by 

/ m \ 

Xi{w)=A(w) + hi{w)e z =[-^-ln{w),hi{w)) eR 3 /T, w e B*(0), 



2ir 
in the orthonormal frame T = (ei, e 2 , 63). The asymptotic direction of the end is e\ 
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The horizontal Scherk-type end E 2 can be similarly parameterized in C — B r -i(0). Via an 
inversion, we can parametrize E 2 by 

X 2 {w) = f -^ln(w),h 2 {w)) G R 3 /T, w G £ r *(0), 

in the frame T~ = (— e\, — e2, 63), where /12 G C 2,a (-B*(0)) is a bounded function which can be 
extended to the puncture. Now the asymptotic direction of the end is —&\. 

Let us now parametrize a general Scherk-type end, non necessarily horizontal. Let Rg denote 
a rotation in R 3 /T by angle 9 about the X2-axis (oriented by e 2 ). We can paremetrize a non 
necessarily horizontal Scherk-type end E\ with asymptotic direction cos 9\ e\ + sin#i e% and limit 
normal vector Rg 1 (es), with 9\ G [0, 7r/2), by 

Xl(z) = (Jllhl(z), %!(*)) ^ e B r(0) 

in the frame T{9{) = Rg x T ', where /ii G C 2 ' a (.B*(0)) is a bounded function which can be extended 
to the origin. 

Finally, a Scherk-type end E 2 with asymptotic direction — cos 9 2 e\ + sin 9 2 ej, and limit normal 
vector R_Q 2 (ez), with 9 2 G [0, 7r/2), can be parameterized by 

* 2 (*) = f-|^lii(*),M*)) ,* € B r *(0) 

in the frame J r ~(9 2 ) = R-q. 2 T~ , where /12 G C 2 ' Q (-B*(0)) is a bounded function which can be 
extended to the origin. 

4.2. Construction of the infinite families. Given r G (0,1) and = (9i,9 2 ) G [0,#o] 2 > with 
9q > small, we denote by A@ : C* — ► R 3 /T the immersion obtained as smooth interpolation of 

( (R dl oA)(z) if 1*1 <r/2, 
A (.z) = < A(z) if r < |z| < r~\ 

( (E_ 02 o^)(*) if |;b| >2r-\ 

Let A^e be the vector field obtained as smooth interpolation of Re x (e%) on {\z\ < r/2}, e3 on 
{r < |z| < r -1 } and i?_e 2 (e3) on {|z| > 2r~ 1 }. For any /i G C 2,a (C), we define the immersion 

X QA (z)=A Q (z) + h(z)N e (z), zeC*. 

The immersion Xq^ has two Scherk-type ends E\,E 2 with asymptotic directions cos#iei + 
sin^ie3 and — cos #2^1 + sin 9 2 e%, respectively. 

At the end E\ (resp. E 2 ), Xq^(z) = A(z) + h\{z)e^, in the orthogonal frame .F(0i) ( resp. 
X@ ; h( z ) = A(z~ l ) + h 2 (z)es in the frame T~{9 2 )), with z G -B*(0), where h\(z) = /i(z) and 
h 2 (z) = h(z^ 1 ). In [7J has been proven that the mean curvature of Xq^ a t E, L is given in terms 
of the z-coordinate by 

4 2| |2 

2H = — ^div (p- 1 / 2 V / ii ), 

where P = 1 H — Typ |[Vo^t[|o an d the subindex -q means that the corresponding object is 
computed with respect to the flat metric of the z-plane. We denote by A the smooth function 

\T\ 2 
without zeroes defined by X(z) = g^n^nr , for z G B*(0). Then at Ei we have 

2XH = P- 1/2 A / Il - ^ 3/2 (V P, V /i 4 > . 
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So the mean curvature at the end Ei vanishes if hi satisfies the equation 

(18) A h-^ p (V P,V h) = 0. 

Definition 4.1. Given k G N and a G (0,1) we define C k,a (C) as the space of functions u 6 
C io '°(C) such that 

IMIc^(c) := bAk, a ,c < +°°> 

where [u] ka g denotes the usual C k ' a Holder norm on C. 

Let B s be the disk of radius s in C* such that D s = A{B S ) C £ = {z G C | — |T| < 2y ^ 
|T|} is a geodesic disk centered at the origin of M 3 /T. Denote by C k,a (C — B s ) the space of 
functions in C k ' a (C) restricted to C — B s . We denote by H(Q,h) the mean curvature of Xq^-, 
and H(@,h) = H(@,h), where A is the smooth function defined in a neighbourhood at each 

\rp\ 2 

puncture by X(z) = 47 LL:s ■ Lemma 4.1 of [7] shows that 

H : M 2 x C 2 ' a (C - S s ) — ► C°' a (C - B s ) 

is an analytical operator. Denote by £@ the Jacobi operator about A®. We set £@ = XCq. 

Remark 4.2. The operators H and Cq are the mean curvature operator and the Jacobi operator 
with respect to the metric \dz\ 2 of C. Defining the operators H = XH and C@ = XC@ means 
to consider a different metric on C. Actually H and Cq are the mean curvature operator and 
Jacobi operator with respect to the metric g\ = \dz\ 2 /X. From the definition of X, it follows that 
the volume of C with respect this metric is finite. 

Cq is a second order linear elliptic operator satisfying \C®u — Au\ ^ c{\9\\ + I^DM and the 
coefficients of Fq = A — C® have compact support. 

Now we fix so > 0. Given e > and \T\ £ [A/y/e, +cxd) large enough, we choose s G (0, so) 
such that D s = A{B S ) is the geodesic disk of radius \j1\fe centered at the origin. 

Proposition 4.3. There exists eo > and ??o > such that for every e G (0, £o) an d every 
\T\ G (770, +oo), there exists an operator 

G e>m : C°' Q (C - B s ) — > C 2 ' a (C - B 8 ) 

such that, given f G C 0,a (C — B s ), w = G £ mf satisfies 

Aw = f on C - B 8 

w G Spanjl} on dB s 

and \\w\\c2, a < c\\f\\co, a for some constant c > which does not depend on e, \T\. 

Proof. Let be u a solution of An = / on C — B s with u = on dB s . We set w = u — 
fc-B u dvol gx . We recall that the metric in use on C is given by g\ = \dz\ 2 /X. With respect to 
this metric vol(C — B s ) < +00 and Jq_ b udvol gx < 00. So the function w is well defined and 
then Jq_ b w dvol gx = and w G Span{l} on dB s . If the theorem is false, there is a sequence of 
functions f n , of solutions w n and of real numbers s n such that 

sup \f n \ = 1, A n := sup \w n \ — > +00 as n — > +00, 

<£~B Sn C-B s „ 

where s n G [0, So]- Now we set w n := w n /A n . Elliptic estimates imply that s n and w n converge 
up to a subsequence, respectively, to Sqo G [0, So] and to Woo on C — B Soo . This function satisfies 

AtDoo = 0. 
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Then w^ = const on C — B Sao and J^_ B ^00 dvol gx = 0, a contradiction with sup |woo| = 1. □ 
Now we fix \T\ ^ 4/Ve, © € (0,e) 2 , s e = 27s and let P G C 2 -"(S 1 ) be even (or odd) L 2 - 



orthogonal to the function z — ► 1, with ||(£>|| C 2, a ( S i) ^ ree. Let tu^ = H Se>tp (see proposition I9.2J) 
be the unique bounded harmonic extension of tp. We would like to solve the minimal surface 
equation H(@,v + w v ) = with fixed boundary data (p, prescribed asymptotic direction 6 and 
with period \T\. Then we have to solve the equation: 

Au = Fq(v + w v ) + Qe(v + w v ) 

with Qq a quadratic term such that \Q@(vi) — Qq(v2)\ ^ c\v\ — V2\ 2 ■ The resolution of the 
previous equation is obtained by showing the existence of a fixed point 

v = 5(0, (p,v) 

where 

S(Q,ip,v) = G £i \ T \(F e (v + w^) + Qe(v + w ip )). 

Proposition 4.4. There exists c K > and e K > such that for all \T\ ^ 4/- v /e we have 

\\s(e,ip,o)\y,a ^c K e 2 

and for all e G (0, e K ), 

\\S(@,<p,vi) - S(B,<p,V2)\\c*,<* < -||v 2 -vi|| C 2, a 

\\S(®,<pi,v) - S(Q,tp2,v)\\ C 2, a < ce\\ip 2 - yillc 2 ." 
for all v,v\,V2 G C 2 ' a (C — S s ) and satisfying \\v\\ C 2, a ^ 2c K e 2 , for all boundary data <p,(pi,<fi2 _l_ 1, 
whose norm is bounded by a constant k times e and for all = {61,62) such that \6\\ + \9z\ ^ s. 

Proof. Using the proposition 14.31 the inequality \Cu — Au\ ^ c{\9\\ + \&2\)\u\ and the quadratic 
behavior of Q@ we derive the estimate of the proposition. The details of the proof are left to the 
reader. □ 

On the set l?2s £ — B Se , the function U = v + H Sejip is the solution of the equation (fTSI) . Using 
the vertical translation coe^ we can fix the value cq + </? at the boundary: 

U = c + H Sejtp + v. 

Using Schauder estimate for the equation on a fixed bounded domain 

\\v(tpi) - v{<p 2 )\\ C 2, a{ c-B s ) < c K e||</?i - ^ 2 ||cv*(si)- 

This can be done uniformly in (61,62). We observe that the function U grows logarithmically 
close dB Se . The hypothesis of orthogonality of 99 to the constant function, implies that the 
function w^ enjoys the same property and is bounded. It is not the case of v which can be 
seen as the sum of a bounded function which is orthogonal to the constant and a function of 
the form cln(r/s £ ), where c = c(\T\, 61,82), defined in a neighbourhood of dB Se . We are able to 
determine c using flux formula. Let 71,72 be two closed curves in E/T chosen in such a way to 
correspond by the conformal mapping to the boundaries of two circular neighbourhoods N\, N2 
of the punctures corresponding to the ends with linear growth. Let S = C—(B Ss L)NiUN2). Now 
we observe that, being X the parametrization of a minimal surface, then the following equality 
holds: 
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Thanks to the divergence theorem, if T = dS, then 

f dX , f dX , f dX , /■ dX , 
AX = / -—ds = / -=-& + / -rr-ds + / — - ds = 0, 
s Jr oil J lx or) J J2 dr, J dBss dr, 

where r, denotes the conormal along T. This equality implies 

dU 



ds = — sin^ilTl — sin# 2 |T|. 
dB Se 9rj 

By integration we can conclude that on -B 2Se — B Se , it holds that 

\T\ 
U = --—(sin 6\ + sin6' 2 )ln(r/s e ) + c + w v + f ± . 

Z7T 

with v 1 - _L 1. Now we choose \T\ such that y(sin#i + sin # 2 ) = 1. 

We observe that, if 6* 2 = 0\ = 0, we can state that there exists an infinite family of minimal 
surfaces which are close to the surface £ — D Se . We denote by S m (<p) one of such surfaces. It 
can be seen as the graph about -B 2Se — B Se of the function 

U m {r, d) = c + H Se>tp (r, 6) + V m 

where V m = O^i.a (e) and it satisfies 
°b 

(19) WmiVl) ~ V m {ip 2 )\\&><*(B 2ss -B Se ) < C K e\\ipi - ^ 2 ||c 2 ^(5 1 ) 5 

forc^ 2 ,^ 1 GC 2 ' a (5 1 ). 

If (02, 9\) 7^ 0, we can state that there exists an infinite family of minimal surfaces which are 
close to the periodic Scherk type example. After a vertical translation, they can be seen as the 
graph about -B 2 <, £ — B Se of the function 

U t (r, 9) = - ln(2r) + c + H s ^(r, 6) + V t 

where Vt = O c 2, a (e) and it satisfies 

(20) \\Vt(<Pi) - Vt{<P2)\\c^(B 2se -B Se ) < c K e||99i - ^ 2 || C 2, a(5 i), 
for^ 2 ,(^ 1 GC 2 ' a (5 1 ). 

Remark 4.5. // the boundary data ip is an even function, it is clear the surfaces we have just 
described are symmetric with respect to the vertical plane x 2 = 0. Instead, if the boundary data 
ip is an odd function and 6\ = 62 the surfaces are symmetric with respect to the vertical plane 
xi = 0. 

5. KMR EXAMPLES 

In this section, we briefly present the KMR examples M CTa ^ studied in [13j Q3J EH GO] (also 
called toroidal halfplane layers), which are the only properly embedded doubly periodic minimal 
surfaces with genus one and finitely many parallel (Scherk-type) ends in the quotient (see [27]). 

For each a £ (0, 5), a £ [0, ^] and (3 & [0, ?] with (a, (3) / (0, a), consider the rectangular 

torus S ff = Uz,w) £ C 2 I w 2 = {z 2 + \ 2 ){z 2 + A~ 2 )}, where A = \{a) = cot f > 1. The KMR 
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example M a>a $ is determined by its Gauss map g and the differential of its height function h, 
which are defined on T, a and given by: 

az + b dz 

9{z,w)=-- — =r-, dh = fi—, 

i(a - bz) w 

with 

a = a(a, (3) = cos ^-^- + i cos ^-^-] 

(21) b = b(a,/3) =sin^ + isin^±£; 

, , f ~-\ 71" CSC <J 

Jv(sin a) 

where %(m) = f 2 , 1 = du , < m < 1, is the complete elliptic integral of first kind. Such 

yl-msin 11 

fj, has been chosen so that the vertical part of the flux of M a ^p along any horizontal level section 
equals 2tt. 

Remark 5.1. The following statements give us a better understanding of the geometrical meaning 
ofa,b defined above: 

(i) 6^0 if and only if a —> and (3 — ► 0, in which case a — ► 1 + i. 

(ii) |&| 2 + |a| 2 = 2. 

(iii) When (3 = 0, then a = (1 + i) cos ^ and b = (1 + i) sin t|. In particular, b = 0(a). 
(iv) When a = 0, then a = (1 + i) cos ^ and b = (—1 + i) sin £. In particular, b = 0{(3). 

(v) In general, |-| = tan^, where if is the angle between the North Pole (0,0,1) € S 2 and 
£/ie po/e of g seen in S 2 via the inverse of the stereographic projection. 

The KMR example M ffi0t ^ can be parametrized on S CT by the immersion X = {X\,X2,X^) = 
ffifW, where W is the Weierstrass form: 

The ends of M^ a ^ correspond to the punctures {^4, A', A" , A'"} = g~ x ({0, oo}), and the branch 
values of g are those with w = 0, i.e. 

(22) D = (-U,0), D' = (%X,0), D" = (f,0), £>'" = (-{,0). 

Seen in S 2 , these points form two pairs of antipodal points: D" = —D and D'" = —D' and each 
KMR example can be given in terms of the branch values of its Gauss map (see [30J). 



In [30], it is proven that the above Weierstrass data define a properly embedded minimal 
surface M aj0l $ invariant by two independent translations: the translation by the period T at 
its ends, and the translation by the period T along a homology class. Moreover, the group of 
isometries Iso(M - Q ^) of M a>a $ always contains a subgroup isomorphic to (Z/2Z) 2 , with gener- 
ators T> (corresponding to the deck transformation (z,w) i— ► (z,—w)), which represents in R 3 a 
central symmetry about any of the four branch points of the Gauss map of M CT)Q ,^; and T ', which 
consists of a translation by ^(T + T). In particular, the ends of M a ^ a $ are equally spaced. 

We are going to focus on two more symmetric subfamilies of KMR examples: {M ff) a t Q | < a < 
?, ^ a ^ ?} and {M ct0 ,/3 | < ct < ^, ^ < a} (these two families were originally studied 
by Karcher plfl4]). 
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Figure 3. Left: M a! o,o, with a = |. Right: M fft0l fl for a 




Figure 4. M^ 0t/3 , where <r = | and /? = | . 



(1) When a = (3 = 0, M^o.o contains four straight lines parallel to the rci-axis, and 
Iso(M CTj o,o) is isomorphic to (Z/2Z) 4 with generators Si,S2, S3, Rd'- S\ is a reflection 
symmetry in a vertical plane orthogonal to the Xi-axis; 52 is a reflection symmetry 
across a plane orthogonal to the a^-axis; §3 is a reflection symmetry in a horizontal 
plane (these three planes can be chosen meeting at a common point which is not con- 
tained in the surface); and Rd is the 7r-rotation around one of the four straight lines 
contained in the surface, see Figure [3] left. In this case, T = (0, ir/i, 0). 

(2) When < a < f, Iso(M (T)Q , j o) is isomorphic to (Z/2Z) 3 , with generators V, S2 and R2, 
where £2 represents a reflection symmetry across a plane orthogonal to the X2-axis, and 
i?2 is a 7r-rotation around a line parallel to the X2-axis that cuts M a ^ a $ orthogonally, see 
Figure! right. Now T = (0,vr/it a ,0), with t a = sina — . 

Y sin a cos 2 a+sin a 

(3) Suppose that < (3 < a. Then M a ^ contains four straight lines parallel to the xi-axis, 
and Iso(M CT]0 ,/3) is isomorphic to (Z/2Z) 3 , with generators Si, R\ and Rd'- S\ represents 
a reflection symmetry across a plane orthogonal to the rri-axis; R\ corresponds to a 
7r-rotation around a line parallel to the rri-axis that cuts the surface orthogonally; and 
Rd is the 7r-rotation around any one of the straight lines contained in the surface, see 
FigureH Moreover, T = (0,vr^,0), where iP = . f na ■ . 

y sin a— sin /3 

Finally, it will be useful to see S CT as a branched 2-covering of C through the map (z, w) ^ z. 
Thus S CT can be seen as two copies Ci,C2 of C glued along two common cuts 71,72, which can 
be taken along the imaginary axis: 71 from D to D' and 72 from D" to D'" . 



5.1. Ma^p as a graph over {x^ = 0}/T. The KMR examples M a>a ^ converge as (a, a, f3) 
(0, 0, 0) to a vertical catenoid, since S CT converges to two pinched spheres, g{z) — ► z and dh - 



_ dz 
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as (a, a, (3) — ► (0, 0, 0). In fact, we can obtain two catenoids in the limit, depending on the choice 
of branch for w (for each copy of C in S CT , we obtain one catenoid in the limit). One of our aims 
along this paper consists of gluing KMR examples M CTiQ) o or M a ^^ near this catenoidal limit, to 
a convenient compact piece of a deformed CHM surface Mfe(e/2). In this subsection we express 
part of M a>a> as a vertical graph over the {x 3 = 0} plane when a, a, (3 are small. 

Consider M ff)Q , ;J g near the catenoidal limit, i.e. a, a, (3 close to zero. Without lost of generality, 
we can assume dh ~ ^f in Ci. We are studying the surface in an annulus about one of its ends, 
say a zero of its Gauss map. 

Lemma 5.2. Consider a + (3 + a ^ e small. Up to translations, M aj0l ^ can be parametrized in 
the annulus {(z, w) E S^ | z € Ci, |-| < \z\ < v\ (for v > |-| small) as: 

X 1 + iX 2 = ^(z + ±)-^ + 0(ez-' + e 2 z- 3 ) 

X 3 = \n\z\+0(e 2 z- 2 ), 

Proof. Recall we have assumed dh ~ -j- in the annulus we are working on. More precisely, 

we have 

dh = ^ dz = M dz 

V(z 2 +A 2 )(z 2 +A- 2 ) AVl+A- 2 z 2 +A- 2 z- 2 +A- 4 z ' 

Since £ = V — = i + 0(o- 4 ), and A = cot § = 0(e), we get 

A (l+cos(<r))X(sm 2 CT ) V h 2 W) 6 

dz 



Since \z\ < v < 1, then 



dh = — (1 + 0(e 4 ))(l + 0(eV + e 2 z~ 2 + e 4 )). 



^7r 
dfc = — (l + 0{e 2 z- 2 )). 



Fix any point zo G Ci, zo s — , = > (which correspond to two ends of the KMR example), and 
recall that g = .?-\ ■ Straightforward computations give us, for \b/a\ < \z\ < 1, 

. r dh = _ij lnz _ JA_ + 2^ + d + 0(e 2 z- 3 ), 

. f^gdh = -^lnz-§z + C 2 + 0(e 2 z- 1 ), 

where Ci,C 2 G C verify Cl~C 2 = \ (z + i=)+C( e )- Taking into account that a = (l+i)+0(e), 
we obtain 

^1+^2 =h{Zf-i: 9dh) 

= ^ (* + I) - ^ + \ («> + *) + O^- 1 + ^ 3 ). 
Similarly, J* 2 Z d/i = lnz — lnzo + 0{e 2 z~ 2 ), hence 

X 3 = K [ dh = In |z| - In |z | + ©(e 2 ^ 2 ), 

J Z() 

which completes the proof of lemma 15.21 □ 

By suitably translating M CTQ ,^, we can assume its coordinate functions are as in Lemma I5T21 
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Lemma 5.3. Let (r,9) denote the polar coordinates in the {x% = 0} plane. If a + (3 + a ^ e 
small, then a piece of M a ^p can be written as a vertical graph of the function 

U(r,6) = - ln(2r) +r(«i cos 9 - k 2 sin 6) +0(e), 

for (r,6) £ (4^,-71) x [0,2tt), where m = K(6) + 9(6) and k 2 = 91(b) - 9(6). We denote by 
M,j,a,(}{l-,£,) the KMR example M a ^p dilated by 1 + 7, for 7^0 small, and translated by a 
vector £ = (^1,^2,^3)- Then, M (T)Q , ij g(7,^) can be written as a vertical graph of 

UyAr,9) = -(1 + 7) In —!— + r ( Kl cos# - k 2 sinfl) ±^(& cos# + £ 2 sinfl) + £3 + 0(e). 

1 + 7 r 

Remark 5.4. Recall that b = sin 2^2 + isin ^£. In particular: 
• When P = 0, we have Ki = 2 sin t| ane? k 2 = 0, so 



2r , fl 1+7, 

+ 7 



U~e(r,9) = -(l + 7 )ln- + r Kl cosfl -(£icos0 + £ 2 sin0) + £3 + 0(e) 

1 + 7 r 



• When a = 0, k\ = ane? n 2 = 2 sin ||, so 

Kv,f (r, 6) = -(1 + 7) In -^— -rK 2 sm9- ^±^(& cos 9 + & sin 0) + £3 + 0(e)- 

1 + 7 r 

• When a = (Ves^?. /3 = 0j, we wi// consider £1 = (resp. £2 = 0) in Section 0. 

Proof. Suppose |-| < \z\ < u, v > |-| small. Prom Lemma [5.21 we know the coordinate 
functions (X\,X 2 ,X^) of the perturbed KMR example M CTja)/ 3(7,£) are given by 

Xl + iX 2 = -^ (z + ^) + A{z) 



(23) 
where 



X 3 = (l + 7)ln|z|+e 3 + 0(e 2 z 



2„-2\ 



A(z) = - V ^V-2 ; + (6 + *2) + 0(sz-i + eV 



(1 +7)(«i +in 2 ) _ ... „,. _-, 2 _,. 
= -- ^=2 '- + {&. + %&) + 0{ez 1 + e 2 z 3 

4z 

If we set z = \z\e 1 ^ and X\ + iX 2 = re 10 , then 2 + = = ( \z\ + A J e 4 ^ and 

1 + 7 / 1 \ 

r cos9 = \\z + 7—7 cosV' + A\, 

2 V N/ 

1 + 7 / 1 \ 

r sin# = \z + — - sin-0 + A 2 , 

2 V \z \J 



(I + 7 )2 / 1 \ 2 / 4UI 

r 2 = ^ — -^- 1^ + — ( 1 — , ' (^icos^ + A 2 sinV) 



where ^1 = K(A) and A 2 = $s(A). Therefore 

+ 7)2 / n 2 / 

^v z| + R; v 1_ (i+7)(ni 2 + i 

(24) 

+ (i + 7) 2 (N 2 + i) 2( ^ + ^ ) )' 

When -^ ^ |z| ^ 4-^/i, the functions Aj are bounded, and we get 

(25) r = i±2 (|*| + -^Wl + O(Vi)) = ^p + 0(v^)- 
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In particular, r = 0(1/^). Moreover, we get 1+ , r — pr- = 1 + 0{y/e), from where 

Xl+%X2 =e"(l + C7(Vi)). 



1+7 \ r \ , 1 
2 IN + R 



On the other hand, 



X x + iX 2 M 2\z\A _ ,., . 



e# + 71 T77 ^T = " e# + 0(>/e), 



* (M + A) (i + 7)(i + N 2 

thus J* = -e ie (1 + O(Ve))- 

From (EIJ) and J25D we can deduce ^drrlig+Mf^ = r 2(i + Z (^ cos ^ + A 2 sin V) + 0(e)) , 
from where we obtain 

1 f 2r \ 2 f 2 



, 1 l + -(^iCOsV + ^2sinV) + 0(e) (1 + 0(e)) 
1 + 7/ \ r 

(26) 



2r \ 2 / 2 



1 + - (^i cos ^ + A 2 sin -0) + 0(e 



1 + 7/ \ r 

and then 

1r 1 

(27) -mid =ln h -(^i cos^ + A 2 sin^) + £>(e). 

1 + 7 r 

Finally, it is not difficult to prove that 

Ay = --t^t ( K i cos(2V») - n 2 sin(2^)) + 6 + O(Ve) 
4 z 



1 + 7 
4U 
Therefore, 

1 + -. 

4 k 

r 2 

= — (ki cos 8 — k 2 sin 9) + £i cos# + £2 sin + 0(-\/e). 

1 + 7 

From here, (12T1) and (l23l). Lemma [531 follows. D 



and A 2 = -^T7iy ( K i sin(2V>) + «2 cos(2^)) + £ 2 + 0(\/i). 



Ai cos^ + ^2 sin^ = - - («i cos -0 — ^2 sin?/;) + £1 cos^ + £2 sin-0 + 0(y/e) 



5.2. Parametrization of the KMR example on the cylinder. In this subsection we want 
to parametrize the KMR example M a ^ a ^ on a cylinder. Recall its conformal compactification 
S CT only depends on a. The parameter a E (0, ^) will remains fixed along this subsection, and 
we will omit the dependence on a of the functions we are introducing. Also recall that S CT can 
be seen as a branched 2-covering of C, by gluing Ci, C2 along two common cuts 71 and 72 along 
the imaginary axis joining the branch points D,D' and D" , D'" respectively (see ([221) ). 

We introduce the sphero-conal coordinates (x,y) on the annulus 8 2 — (71 U 72) (see [11]): for 
any (x,y) <E S 1 x (0,7r) = [0, 2tt) x (0, 7r), we define 

F(x,y) = (cosx siny,sinxm(y), l(x) cosy) G S 2 — (71 U 72), 

where 

m (y) = V 1 ~~ cos2 cos2 V an d ^(a?) = V 1 — sin 2 cr sin 2 x. 
To understand the geometrical meaning of these variables, remark that {x = constant} and 
{y = constant} correspond to two closed curves on § 2 which are two curves are the cross sections 
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of the sphere and two elliptic cones (one with horizontal axis, the other one with vertical axis) 
having as vertex the center of the sphere. 

If we compose F(x, y) with the stereographical projection and enlarge the domain of definition 
of the function, we obtain the differentiable map z defined on the torus S 1 x S 1 = [0, 2tt) x 
[0, 2ir) — > C and given by 

cos x sin y + i sin x m(y) 



(28) z(x,y) 



1 — l(x) cosy 



which is a branch 2-covering of C with branch values in the four points whose sphero-conal 
coordinates are (x,y) G {±f } x {0,7r}, which correspond to D,D',D",D'". Moreover, z maps 
S* 1 x (0 , 7r) onC — (71U72). Hence we can parametrize the KMR example by z , via its Weierstrass 

data 

az + b dz 

q(z) = = — , an = u — :, 

KJ i(a-bzY "V(z 2 + 2 )(z 2 + - 2 ) 

We denote by M ffiQ ^ the lifting of M ff>aj p to R 3 /T by forgetting its non horizontal period 
(i.e. its period in homology, T). We can then parametrize M CTiQ)/ g on 5 1 x 1 by extending z 
to [0, 2ir) x E periodically. But such a parametrization is not conformal, since the sphero-conal 
coordinates (x, y) 1— > F(x, y) of the sphere are not conformal. As the stereographic projection 
is a conformal map, it suffices to find new conformal coordinates (u, v) of the sphere defined on 
the cylinder. In particular, we look for a change of variables (x,y) 1— > (u,v) for which \F U \ = \F V \ 
and (F U ,F V ) = 0, where F(u,v) = F(x(u, v),y(u,v)). 

We observe that 

y/gjyg y/Hx,y) 

\ r X\ 1/ \ dill! \-Ty\ — , 

l{x) m{y) 

with k(x, y) = sin 2 a cos 2 x + cos 2 a sin 2 y. Then it is natural to consider the change of variables 

(x, y) G [0, 2vr) x E i-> (u, v) G [0, U a ) x M defined by 

f x 1 [ y 1 

(29) u(x) = / -—rdt and v(y) = / —-rdt, 

Jo l{t) J* m(t) 

where 

r 27r dt 



(30) U a = u(2n) = £ 



v^ 



sin csin t 



Note that U a is a function on a that goes to 2ir as a approaches to zero, and that the above 
change of variables is well defined because a € (0, f ). 
In these variables (u,v), z is v-periodic with period 

The period V a goes to +00 as a goes to zero (see lemma 1531) . which was clear taking into account 
the limits of M a ^p as a tends to zero. 

From all this, we can deduce that M a ^ a ^ (resp. M^^^) is conformally parametrized on 
(u,v) G I a x E (resp. (u, u) G Jo- x J CT ), where 7 CT = [0, [/ CT ] and J a = [v(0),v(2n)]. 

In section El devoted to the study of the mapping properties of the Jacobi operator about 
M a! a,f3> we wm make exclusive use of the (u, v) variables. In the proof of Lemma HTB1 we have 
written as a vertical graph an appropriate piece of M ff)Ct ^ corresponding to the annulus -^ ^ 
|z| ^ 4\/i. The boundary curve along which we will glue the piece of M CTjQj/ g with the CHM 
surface corresponds to |z| = y/s. 
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Lemma 5.5. If ^ ^ |z| < 4^/e ; then 

--hie + ci < t> < — -lne + c 2 , 
where c\ and c 2 . Under the same assumptions V a = —4 lne + 0(1). 

Proof. The proof is articulated in two steps. Firstly, using equation (|28j) . we will give the values 

of the y variable for which -^ ^ |z(x, y)\ ^ 4,y/e with cr = 0(e). Secondly we will determine the 
values of the v variable corresponding to these values of y. It is possible to show that, if |z| varies 
in the interval specified above, then n — oi ^ y ^ vr — a 2 , with a^ = di^fe, where d\ > (i 2 > are 
constants. Being v an increasing function of y, then v (tt — a\) ^ v(y) ^ t>("7r — a 2 ). Now we will 
obtain the values of v{y) for y = tt — a^, i = 1, 2. To this aim we observe that 

f y ds 

v(y) 



It holds that 



- vl — cos 2 ex cos 2 s 



ds f y ds 



Vl - COS 2 CJ COS 2 S Jo y/l - COS 2 CT + COS 2 0" sill 2 S 

1 /■« (is 1 

-J{y,m (T ), 



smaj / 1 + cos^ sin 2 s sin a 

V Sin o- 

where m a = — cos a a and 3(y,m) = f n y . = is the incomplete elliptic integral of the first 

sm a yl- msin 2 s 

kind. 5F(y, m) is an odd function with respect to y and if k € Z, 

5F(j/ + for, m) = 5F(y, m) + 2k%(m), 

where %{m) = 3(~,m) is the complete elliptic integral of first kind. If y = d^fe and a = 0(e), 
then 

J_^( I/ , m<T ) = -ifne + 0(1). 

smo" 2 

It is known that if m is sufficiently big then 

X(m) = —^= ( In 4 + - ln(-m) ) ( 1 + f — 



It follows that 



Then, for i = 1,2, 



L -OCfm,,) = - lne + 0(1). 



SIIICT 



v(tt - a,j) = (UfV - ai,m a ) - X(m a )) 

sm <7 

(5f(-aj, m CT ) + 2K(m CT ) - DC(m CT )) = 



sm a 



(-J(dj\/e,m CT ) + 9C(m CT )) = --lne + Q. 

smo" 2 



The result concerning V^ = v(2ir) — v(0) follows at once after having observed that v(2ir) = 

3JC(m CT ) j / n \ Jv(m CT ) 

-s&f^ and v (°) = -^5r^- D 

From the lemma just proved it follows that the value of the v corresponding to |z| = y^e, is 



v £ — — I lne + c, where c is a constant. 
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6. The Jacobi operator about KMR examples 

The Jacobi operator for M ffa> p is given by J = A ds 2 + |yl| 2 , where |^4| 2 is the squared norm of 
the second fundamental form on M ffta g and A ^2 is the Laplace-Beltrami operator with respect 
to the metric ds 2 induced on the surface by the immersion X = (Xi,X2,X$) defined in section 
EQ i.e. 

ds 2 = \{\ g \ + \g\-') 2 \dh\\ 

We consider the metric on the torus S CT obtained as pull-back of standard metric ds 2 , of the 
sphere § 2 by the Gauss map N: dN*(dsQ) = —K ds 2 , where K = — \\A\ 2 denotes the Gauss 
curvature oiM aa p. Hence A rfs 2 = —KA ds 2, and so 

J = -K(A ds?) +2). 

From |11| and taking into account the parametrization of M ffj0 ,n on the cylinder given in 
subsection 15.21 we can deduce that, in the (x, y)-variables, 



l{x) m(y) 
k(x,y) 



l (x) g\ + d ( My) 

My) / y \ K x ) 



In the (u, t>)-variables defined by (|29l) . we have J = k , x / u \ / v ^ C a , where 

(32) C a :=d 2 uu + dl v + 2si-n 2 o cos 2 {x{u)) + 2cos 2 a sin 2 (y(v)) 

is the Lame operator [IT] . 

Remark 6.1. In Proposition ^.^, we will take a — > 0. For such a limit, the torus S^ degenerates 
into a Riemann surface with nodes consisting of two spheres jointed by two common points po,p±, 
and the corresponding Jacobi operator equals the Legendre operator on S 2 \ {po,Pi}, given by 
Cq = d 2 x + sinyc^ (sinyc^) + 2sin 2 y in the (x,y) -variables. Note that when a = 0, the change 
of variables (x, y) i— > (u, v) given in / ffP)) is not well-defined. 

6.1. The mapping properties of the Jacobi operator. From now on, we consider the con- 
formal parametrization of M ffj(X) p on the cylinder S 1 x R = I a x R described in subsection 15.21 
Our aim along this subsection is to study the mapping properties of the operator J . It is clear 
that it is sufficient to study the simpler operator C a defined by (|3"2"T) . so we will study the problem 

C a w = f in I ff x [vq, +oo[ 
w = ip on I a x {vq} 

with DoSK and considering convenient normed functional spaces for w, f, (p so that the norm of 
w is bounded by the one of /. 

We will work in two different functional spaces to solve the above Dirichlet problem. To 
explain the reason, it is convenient to recall that the isometry group of M ff)Qj £ depends on the 
values of the three parameters a, a, (3. When a = (resp. (3 = 0), M a ^ a $ is invariant by the 
reflection symmetry about the \x\ = 0} plane (resp. {x2 = 0} plane). We are interested in 
showing the existence of families of minimal surfaces close to M a ^^ and M CTiQj o, keeping the 
same properties of symmetry. Thus the surfaces in the family about M^q^ (resp. M ata> o) will 
be defined as normal graphs of functions defined in I a x R which are even (resp. odd) in the 
first variable. We will solve the above Dirichlet problem in the first case. The second one follows 
similarly. 
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Definition 6.2. Given a G (0, 7r/2), £ G N, a G (0, 1), /J G R and an interval I, we define 
C^ a (Ia x J) as £/ie space of functions w = w(u,v) in C^"(/ CT x I) which are even and U a -periodic 
in the variable u and for which the following norm is finite: 

IHU-(/ CT x/) := su P e ~HMIc^(/ CT x[^+i]) 

It is possible to prove that ~U a — ► 2ir as a — > 0. We observe that the Jacobi operator C a 
becomes a Fredholm operator when restricted to the functional spaces defined in 16,21 Moreover, 
C a has separated variables. Then we consider the operator 

L a = d uu + 2sin ercos (x(u)), 

defined on the space of [/^-periodic and even functions in I a . This operator L a is uniformly elliptic 
and self-adjoint. In particular, L a has discrete spectrum (Ao-,i)i^o, that we assume arranged so 
that X fft i < A^j-fi for every i. Each eigenvalue A CT ,j is simple because we only consider even 
functions. We denote by e CT ,i the even eigenfunction associated to A CTj j, normalized so that 

rU a 

I (e a ^(u)) 2 du = 1. 
Jo 

Lemma 6.3. For every i ^ 0, the eigenvalue A CT ,i of the operator L a and its associated eigen- 
functions e CT ,i satisfy 

(33) — 2 sin a ^ A^j — i ^ 0, |e CT ,i — eo,i|c 2 ^ (H sin a, 

where eo,i(«) := cos(ix(u)) for every u G I a , and the constant c, > depends only on i (it does 
not depend on a). 

Proof. The bound for A CT ,i — i 2 comes from the variational characterization of the eigenvalues 
X a ,i = sup inf / ((d u e) 2 — 2sin 2 <7cos 2 (x(n)) e 2 ) du, 

\H\ L 2 =1 

where E is a subset of the space of [To-periodic and even functions in L 2 (I a ), since it always 
holds ^ 2 sin 2 <rcos 2 (x(u)) ^ 2 sin 2 a. The bound for the eigenfunctions follows from standard 
perturbation theory [15]. □ 

The Hilbert basis {e^jjigN of the space of [To-periodic and even functions in L 2 (I a ) introduced 
above induces the following Fourier decomposition of functions g = g(u, v) in L 2 (I a x R) which 
are [To-periodic and even in the variable u, 

g(u,v) = Y^9i(v)e ff! i(u). 

From this, we deduce that the operator £ CT , can be decomposed as L a = X^i>o^^*' being 

Lff t i = d vv + 2 cos a sin (y(v)) — \ a ^ , for every i ^ 0. 
Since ^ 2 cos 2 <Tsin 2 (y(f)) ^ 2cos 2 <7 = 2 — 2sin 2 <7, Lemma IBT31 gives us 

(34) P a>i := 2 cos 2 a sm 2 (y(v)) - A CT ,i < 2 - i 2 . 

This fact allows us to prove the following lemma, which assures that C a is injective when re- 
stricted to the set of functions that are, in the variable u, even and L 2 -orthogonal to e CT ,o and 
e CT ,i- 

Lemma 6.4. Given vq < v\, let w be a solution of C a w = on I a x [i>o,wi] such that 

(i) w(- ,v ) =w(-,v 1 ) = 
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(ii) L a w(u, v)e ff ,i(u) du = , for every v G [uo, ui] and i G {0, 1} 
Then w = 0. 

Proof. By (ii), w = Yli>2 w i( v ) e a,i{u)- Since the potential P ff) i of the operator L ff) i is negative 
for every i ^ 2 (see ([53]) ) and the operator L a ^ is elliptic, the maximum principle holds. We can 
then conclude the Lemma EH from (i), □ 

To study the mapping properties of the Jacobi operator £ ff , we need to give a description of 
the Jacobi fields associated to M ata> o, which are defined as the solutions of C a v = 0. 

Since M ffott o is invariant by the reflection symmetry across the plane {x2 = 0}, there are only 
four independent Jacobi fields: 

• Two Jacobi fields induced by vertical translations and by horizontal translations in the 
xi-direction. These Jacobi fields are clearly periodic and hence bounded. 

• A third Jacobi field generated by the 1-parameter group of dilations, which is not bounded 
(it grows linearly). 

• The last Jacobi field can be obtained by considering the 1-parameter family of minimal 
surfaces induced by changing the parameter a. This Jacobi field is not periodic and grows 
linearly. 

The Jacobi fields induced by translation along the X3-axis and by dilatation, are solutions of 
C a u = that are collinear to the eigenfunction e CT) o- The Jacobi fields induced by the horizontal 
translation and by the variation of the parameter a, are collinear to e fft \. 

The Jacobi fields of M CTi o,/3> which is invariant by the reflection symmetry across the plane 
{x\ = 0} are the same as M ff)a fi, with the exception of that one induced by horizontal translations 
in the Xi-direction which is to be replaced by the field induced by horizontal translations in the 
^-direction. 

The following proposition states that, if the parameter \i is appropriately chosen, there exists 
a right inverse for C a whose norm is uniformly bounded. 

Proposition 6.5. Given \x G (—2,-1), there exists oq G (0, 7r/2) so that, for every a G (0, ctq) 
and vq G R, there exists an operator 

G ff>vo : C^ a {I a x [vq,+co)) — ► C^ a (I a x [v ,+oo)) 
such that for all f G C^ (I a x [vq, +oo)) ; the function w := G cr ^ VQ (f) solves 

, > i C a w = f , on I a x [v , +oo) 

\ w G Spanje^ce^i}, on I a x {v }. 

Moreover ||u;|| c 2,a ^ c||/|| c o,a, for some constant c > which does not depend on a £ (0, a"o) 
nor vq G R. 

Proof. Every / G C^' a (I a x [v ,+oo)) can be decomposed as 

/ = /oe<r,o + fie<r,i + f, 
where f(-,v) is L 2 -orthogonal to e^o and to e ff) i, for each v G [vq,+oo). 

Step 1. Firstly, let's prove Proposition 16.51 for functions / G C^ a {I a x [i>o,+oo)) that are L 2 - 
orthogonal to {e CTi o, e<r,i}- As a consequence of the Lemma [6~4l C a is injective when acting on the 
space of these functions. Hence, Fredholm alternative assures there exists, for each v\ > vo + 1, 
a unique w G C^ a , with w(-,v) L 2 -orthogonal to e a fl,e a> i satisfying: 

C a w = f on I a x [vq,V\], 



1 w(,Vq) =w(-,vi) = 0. 
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Assertion 6.6. There exist c£R and uo £ (0, vr/2) such that, for every a £ (0,co); ^0 £ K ; 
Vl > ^o + 1 and f £ C^ a (I a x [-uo,i>i]), there exists w £ Cfj,' a (I a x [vcVi]) L 2 -orthogonal to 
{ eo-,0) e CTj i} satisfying [3b]) and 

(37) sup e-^lioKc sup e~^|/|. 

Suppose by contradiction that Assertion 16.61 is false. Then, for every n £ N, there exists 
a n £ (0, 1/n), ui jn > vo )U + 1 and /„, w n satisfying (J3HJ) (for a n , i>o,n, ^i,n instead of cr, i>o, ui) such 
that 

sup e~^ v \f n \ = 1, and 

A n := sup e _/ ™ \w n \ — > +oo as n — ► oo. 

/o-„x[vo,ti)«l,n] 

Since / CTn x [fo,n,^i,ra] is a compact set, A n is achieved at a point (u n ,v n ) £ I ffn x [vo >n ,Vi >n ]. 

After passing to a subsequence, the intervals I n = [vo >n — v n ,vi >n — v n ] converge to a set loo- 
Elliptic estimates imply that 

sup e"^ \Vw n \ ^ c( sup e-"" |/ n | + sup e""" |w n |) < c(l + A n ). 

Icr n X[vo,n,VO,n+^] ^n x N,m«0,n+1] J CT „ X [«o,r».«0,n+l] 

From this estimate for the gradient of w n near i; = fo,n it follows that v n cannot be too close 
to uo,ni where w n vanishes. More precisely, vo >n — v n remains bounded away from 0, and then 
converges to some vq £ [— oo,0). Using similar arguments, it is possible to show that Vro„ is 
bounded near vi >n and consequently vi >n — v n converges to some v\ £ (0, oo]. Then we can 
conclude that 1^ = [vq,vi]. 
We define 

w n (u, v) := — — w n (u, v + v n ), (u, v) £ I ffn x I n . 
We observe that 

A n 

(38) and sup e"^ \w n \ = 1. 

Using the above estimate for Vw n we obtain 

|Vw„| ^c^-^e» v <2ce» v . 

Since the sequences {w n } n and {Vw n } n are uniformly bounded, Ascoli-Arzela's theorem as- 
sures that, if n — ► +oo a subsequence of {w) n } n converges on compact sets of Iq x I^ to a function 
Woo which vanishes on Io x dloo, when <9Ioo 7^ 0, and such that Woo(-,v) is L 2 -orthogonal to 
{60,0)^0,1} for each v £ loo- Moreover, 

(39) sup e - ^ I Woo I = 1. 

/ox/00 

Since a n — > as n — ► 00, we can conclude that Wqo satisfies 

£0*00 = 

-Wool/oxcJ/oo = (if dloo / 0) 

If loo is bounded, the maximum principle allows us to conclude that -Woo = on Iq x J^, 
which contradicts (l39l . Hence Too is an unbounded interval. 
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Recall Cq is given in terms of the (x, y)-variables. The equation CqWoo = becomes 
d^Woo + smyd y (sinydyWoo) + 2sin 2 yu; 00 = 0. 
Now we consider the eigenfunctions decomposition of u^, 

Woo(x,y) = Y^ a j(v) cos(jx). 

Each coefficient Oj, j ^ 2, must satisfy the associated Legendre differential equation (see Appen- 
dix C) 

sin y d y (sin y d y a,j) — j cij + 2 sin y ctj = 0. 
We obtain that ct,j(y) equals the associated Legendre functions of second kind, i.e. aj(y) = 
Qi(cosy), j ^ 2. 

We obtain from ([29]) that 



u(x) — > x and v(y) — ► - In 



y 

tan — 

2 



as a — > 0. 
2 2 

In particular, define y(v) = 2arctan(e 2i; ) for a = 0. Therefore, 



(40) cosy(v) = - ■ oAv and 



l-e A v 
l + e 4 



Woo(u, V) = Y^ Ql ( -i T Av ) COS (J «)■ 

j^2 Vi + e / 

It is possible to show that \a,j\ tend to +oo as the function e 2 ^ 11 '. Since the interval 1^ is un- 
bounded, we reach a contradiction with (I59|) . This proves Assertion 16.61 

Let cGl and o"o satisfy Assertion 16.61 and fix a G (0,o"o), t>o € R and / G C^ a {I a x [uo^i])- 
Then, for every Ui > Uq + 1, there exists a function w which is L 2 -orthogonal to {e CTi o, e CTj i} and 
satisfies (J36) and (|3?|) . Let's take the limit as «i — ► oo. Clearly, 

1 i ^ ii nc M (/o-x[«o,vi]) IIJ "C M (7 CT x[«o,«i]) 

And using Schauder estimates we get 

e~^ V \Vw\ ^ ||u)|L2,a /r - n ^ Cl ( II f\\ r 0,a, T r ,s + ||u)|UoCf vh,n full I ^ Co II f |Lo,a, r „ r n . 

Hence Ascoli-Arzela's theorem assures that a subsequence of {w Vl } Vl >v +i converges to a function 
w defined on I a x [u ,+oo), which satisfies 

sup e-^ltDKc sup e _ H/l- 
I a x[vo,+oo) I a x[vo,+oo) 

Using again elliptic estimates we can conclude that w satisfies the statement of Proposition 
The uniqueness of the solution follows from Lemma 



Step 2 Let's now consider / & C^ a (I a x [vo,+oo)) in Span{e CTj o, e CT] i}, i.e. 

f(u,v) = fo(v)e ff) o(u) +h(v)e fft i(u). 

We extend the functions fo(v), fi(v) for v ^ v o by fo(vo), fi(vo), respectively. Given v\ > vq + 1, 
consider the problem 



1 Wj(vi) = d v Wj{vi) = 0. 
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Peano theorem assures the existence and the uniqueness of the solution Wj. Our aim consists of 
proving the following result. 

Assertion 6.7. sup/ 0OtVl ie~ ,J ' v \wj\ ^ csupr 0O ^ Vl ]e~ ,J ' v \fj\ for some constant c which does not 
depend on V\. 

Suppose by contradiction that, for every n £ N, there exists a n £ (0, 1/n), vi <n > VQ <n + 1 and 
fj,ni w j,n satisfying (PH]) such that 

SUp e-^|/i,n| = l, 
(-OO.Vi.n] 

A n := sup e~^ v \wj >n \ — ► +oo as n — > oo. 

(— 00,1tt,n] 

The solution U7 jjn of the previous equation is a linear combination of the two solutions of the 
homogeneous problem L ffn j w = 0. They grow at most linearly at oo (recall that the Jacobi fields 
have this rate of growth). Hence the supremum A n is achieved at a point v n £ (— oo,ui )n ]. We 
define on I n : = (— oo,t;i in — v n ] the function 

Wj,n(v) := — e~^ Vn Wj tn (v n + v). 

As in Step 1, one shows that the sequence {v± >n — v n } n remains bounded away from and, 
after passing to a subsequence, it converges to V\ G (0, +oo] and {wj t n}n converges on compact 
subsets of loo = (~ oo, V\] to a nontrivial function Wj such that 

(42) sup €-P° \w-\ = 1 

and Wj(v\) = d v Wj(v\) = , if v\ < +cxd. The function Wj is the solution of a second order 
ordinary differential equation, given, in terms of the (x, y)-variables, by 

(43) sin y d y (sin y d y Wj) — j Wj + 2 sin y ibj = 0. 



If v\ < +oo then Wj = and this is a contradiction with (|42|) . In the case v\ = +oo we will try 
to reach a contradiction determining the solution (|4*3|) . This is again the associated Legendre 
differential equation (see Appendix C). The solutions of the equation (|4*3"T) are a linear combi- 
nation of the associated Legendre functions of first kind, P((cosy), and second kind, Q{(cosy), 
with j = 0, 1. It holds that P^cosy) = cosy and P^cosy) = — siny. We change of coordinates 
to express Wj in terms of the (u, u)-variables. It is possible to show that as v — > ±co then 
\Q\(cosy(v))\ and \Qi(cosy(v))\ tend to oo respectively as e 2 ' v ' and \v\. We can conclude that 
functions w\ and wq do not satisfy the equation (|42l) with \x G (—2, —1), a contradiction. 

Therefore, sup/^ Vl j e~^ v \wj\ ^ c sup/_ 0O]Vl i e~^ v \fj\. Taking v\ — > +oo, we get a solution 
of L a j Wj = fj defined in [vq, +oo) which satisfies 

sup e~ im \wj\ ^ c sup e~^ v \fj\. 
[vq,+o6) [«o>+oo) 

Elliptic estimates allow us to obtain the wanted estimates for the derivatives. To prove the 
uniqueness of solution, it is sufficient to observe that no solution of C a v = that is collinear 
with e CT) o and e CTj i decays exponentially at oo. This fact follows from the behaviour of the Jacobi 
fields. □ 
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7. A FAMILY OF MINIMAL SURFACES CLOSE TO M ff>Q fi AND M^^o 

The aim of this section is to find a family of minimal surfaces near to a translated and dilated 
copy of M a $ t p and M ffta fi with given Dirichlet data on the boundary We start recalling that 
in subsection 15.11 we observed that a translated and dilated copies of M CTjaj o and M CTj o,/3 can be 
expressed as the graphs over the {x^ = 0} plane respectively of the functions 

(44) U^(r, 9) = -(1 + 7) ln(2r) + r«i cos 9 - -^£1 cos 9 + d + 0(e) 

(45) U^(r, 9) = -(1 + 7) ln(2r) - tk 2 sin 9 - -^& s i n g + d + 0(e) 

where d = £ 3 + (l + 7)ln(l + 7), «i,K2,£l,£2,£3>7 S K small enough, ki = 61 + 6 2 , k 2 = 61 - 62, 
61 = sin^^, 62 = sin ^tt> and r belongs to a neighbourhood of r £ = ^-t=. 

We denote by Z the immersion of the surface M fft0l ^. The following proposition, whose proof is 
contained in section QUI states that the linearized of the mean curvature operator is the Lame 
operator introduced in section IB~2l 

Proposition 7.1. The surface parameterized by Zf := Z + / N is minimal if and only if the 
function f is a solution of 

Caf = Qa(f)- 

where C a := d\ u + d% v + 2 sin 2 a cos 2 (x(u)) + 2 cos 2 a sin 2 (y(v)) is the Lame operator and Q a is 
a nonlinear operator which satisfies 

(46) \\QaU2) - <3cr(/l)||c°' Q (/ CT x[»;,»;+l]) ^ c SU P ll/i|lc 2 ' Q (/ CT x[u,-u+l]) II/2 ~ fl\\c 2 ' a (IaX[v,v+l]) 

i=l,2 

for all /1, J2 such that ||/i||c 2 ' Q (/ [T x[v,v-i-i]) ^ 1- Here the constant c > does not depend onv^M., 
nor on a £ (0, ^). 

As a consequence of the dilation of factor 1 + 7 of the surface the minimal surface equation 
becomes 

(47) C a w = -^—Q a ({l + 1 )w). 

1 + 7 

We now truncate the surfaces M a ^ a fi and Mcr,o,/3 & t the graph of the curve r = ^K= of the function 
([4*41 and (f4*5l) with, respectively, /3 = and a = and we consider only the upper half of these 
surfaces which we call M\ and Mi. 

We are interested in minimal normal graphs over these surfaces which are asymptotic to them. 
The normal graph of the function w over Mi, Mi is minimal, if and only if w is a solution of (|47p . 

In subsection 15.11 we have proved lemma 15.31 which allows us to parametrize the surfaces Mi , Mi 
in a neighbourhood of r £ as the graph of the functions given above. The surfaces Mi and M2 
are parametrized on I a x [we, 1 /^] where v £ denote value of the variable v corresponding to the 
value r e of the variable r. In section [5] we showed that v e = — \ lne + 0(1). 

It is important to remark that the boundary of these surfaces does not correspond to the curve 
v = v e . We therefore modify the above parametrization so that for v £ [v £ — ln2,f £ + In 2] the 
image of the functions (f44l) and (145]) corresponds to the horizontal curve v = v £ . Furthermore 
we would like that the normal vector field relative to Mi, Mi is vertical near the boundary of 
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this surface. This can be achieved by modifying the normal vector field into a transverse vector 
field N which agrees with the normal vector field N for all v ^ v £ + In 4 and with the vector e^ 

for all v £ [v £ , v £ + In 2] . 

Now, we consider a graph over this surface for some function u, using the modified vector field 
N. This graph will be minimal if and only if the function u is a solution of a nonlinear elliptic 
equation related to 1(37)1 . To get the new equation, we take into account the effects of the change 
of parameterization and the change in the vector field N into N. The new minimal surface 
equation is 

(48) C a w = L £ w + Q a (w) . 

Here Q a enjoys the same properties as Q a , since it is obtained by a slight perturbation from 
it. The operator L e is a linear second order operator whose coefficients are supported in 
[v £ ,v £ + In 4] x S 1 and are bounded by a constant multiplied for e 1 ' 2 , in C°° topology, where 
partial derivatives are computed with respect to the vector fields d u and d v . 

As a fact, if we take into account the effect of the change of the normal vector field, we would 
obtain, applying the result of Appendix B of [6], a similar formula where the coefficients of the 
corresponding operator L £ are bounded by a constant multiplied for e since 

N £ ■ N £ = 1 + 0(e) 

for t € [t s ,t s + In 2]. Instead, if we take into account the effect of the change in the parameter- 
ization, we would obtain a similar formula where the coefficients of the corresponding operator 
L £ are bounded by a constant multiplied for e 1 ' 2 . The estimate of the coefficients of L £ follows 
from these considerations. 

In the following of this section we will give the detailed proof of the existence of a family of a 
minimal graph about M\ and asymptotic to it. The proof relative to the case where the surface 
M\ is replaced by Mi can be obtained easily from the previous one. We recall that the surfaces 
M\ and M\ are respectively invariant with respect to two different mirror symmetries. A normal 
graph of the function w = w(u,v) about Mi (respectively about Mi) inherits the same property 
of symmetry if w is an even (respectively odd) function with respect to the variable u. Then once 
the proof of the result concerning M\ will be completed, to obtain the result about Mi it will 
be sufficient to replace even functions with odd functions and to repeat the same arguments. 

Now, assume that we are given a function ip S C 2,a (I a ) which is even with respect to u, L 2 - 
orthogonal to e ff| o,e 5] i and such that 

(49) IMIc 2 . Q ^ ke. 
We define 

%,(•,•) :=Wnt,v(v)> 

where v £ = —\ lne + 0(1) and H is introduced in proposition 19.51 

In order to solve the equation 1(35)1 ■ we choose \x S (—2, —1) and look for u of the form u = w^ + g 
where g G C^ a {I a x [v £ ,+oo)). Using Proposition 16.51 we can rephrase this problem as a fixed 
point problem 

(50) 9 = S(<p,g) 
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where the nonlinear mapping S which depends on e and (f is defined by 

S(ip, g) ■= G £iVe (l e (w<p + g) - C a w ip + Q £ (w v + gU . 

where the operator G £jVe is defined in Proposition 16.51 To prove the existence of a fixed point 
for (|5Ql) we need the following 



Lemma 7.2. Let [i G (—2, —1). There exist some constants Ck > and e^ > 0, such that 

(51) \\S^,0)\\c^ {I ^, +oo)) <^ 3/2+>l/2 
and, for all e G (0, Sk) 

||5(^5 2 )-5(^<7i)|| C 2, Q(/CTXbei+oo)) < ^\\92-gi\\ c % a{IaX[Vei+oo)) , 

(52) \\S(<p 2 ,g) - S{<Pu9)\\cl>"(i a x[ Ve ,+oo)) < ce' +M/2 II ¥* - Mc^ 

for allg,gi,g 2 G C^ a {I a X [v e , +00)) s«c/i i^of llfl , 4|le 2 ' a (7 .x[« e ,+oo)) ^ 2c k£ 3/2+ ^ /2 for all boundary 
data tp,tpi,if2 G C 2 ' a (S' 1 ) satisfying ([^9]) . 

Proof. We know from proposition 16.51 that ||G £jUe (/)|| C 2,a ^ c||/|| c o,a, then 

ll%>>°)lleJ«(/ CT xK,+oo)) < C II^K) -£»^ + Q»W llc»-(j a x[««,+oo)) < 

< C (||L e K)|| C 0,a (/<rXN)Oo)) + \\£vWj C °- a (I„xiv s ,O0)) + 11^ K) Hc°-(J ff X[«.,«,))) ' 

So we need to find the estimates for the three terms above. 

We recall that \<p\2,a ^ ke. For all fi G (—2, —1), thanks to proposition 19.51 we know that 

(53) \w V \2,a;\v,v+l) *Z e~ 2{V - Ve) \<P\2,a 

We know that 

||io v || C 2,a = sup e~^ v \w (p \2 y a;[v,v+l} < SU P e'^ e~ 2{v ~ v ^ I ip\ 2 , a < 

u£[u e ,+oo) ■uG[t> e ,oo) 

From this inequality and from the estimates of the coefficients of L e , it follows that 

\\L £ { Wip )\\ c o, a ^ ce 1/2 \\ Wv ,\\ c o r ^ c k e 3/2+ll/2 . 

As for C a , being w v an harmonic function we obtain following equality 

ZaWtp = 2kw (p , 

where k(u, v) = sin 2 a cos 2 (x(u)) + cos 2 a sin 2 (y(w)) ^ ce, because we have set a + j3 + a ^ e 
(see lemma l5~3l) and y £ ^ y(v) ^ ir, with y £ = ir — a £ , where a £ = 0{y/e). Therefore, we conclude 
that 

The last term is estimated by 



C ° w Acl"*{i„x\v e ,oo)) < 2ce II^Hcr(/ CT x[, £ ,oo)) < c fc e 2+ ^ 2 . 



||Q CT K)|| c o, a(/CTX[t , ei0o)) ^c fc e 2+ ^ 2 . 

Putting together these estimates we get the first result. The details of other estimates are left 
to the reader. □ 
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Theorem 7.3. Let be B := {g G C^' Q (/ CT x [v £ , +00)) ; ||5|| c 2,<, ^ 2c k s 3 / 2+f1 / 2 }. Then the nonlin- 
ear mapping S defined above has a unique fixed point g in B. 

Proof. The previous lemma shows that, if e is chosen small enough, the nonlinear mapping S 
is a contraction mapping from the ball B of radius 2ck£ 3 ' 2+fJl ' 2 in C^ a {I a x [v £ , V a ]) into itself. 
This value comes from the estimate of the norm of S(<p, 0). Consequently thanks to the Schauder 
theorem, S has a unique fixed point v in this ball. □ 

This argument provides a minimal surface which is close to M\ (respectively M 2 ) and has one 
boundary. This surface, denoted by S' i . 7 ^ 1 ^(99), is, close to its boundary, a vertical graph over 
the annulus B 2Te — B Te whose parametrization is given, for /? = by 

(54) U t ,i(r, 9) = -(1 + 7) ln(2r) + tkx cos 9 - -±^£l cos 9 + d t + W«,, v (ln 2r - v £ , 9) + V t (r, 9). 
and, for a = 0, by 

(55) U t ,2(r, 0) = -(1 + 7) ln(2r) - vk 2 sin 9 - -^& sin^ + d t + W„ e>v (ln 2r - u B , 9) + y 4 (r, 0). 

where v £ = —\ lne + O(l). The boundary of the surface corresponds to r £ = jK=. The function 
Vt depends non linearly on e,<p. It satisfies ||Pt(e, <f>i)(r E -, •)llc 2 > oi (B2-Bi) ^ ce an d 

(56) [iVtCe^JCre-.O-^^^C^OIIc^Ba-BO^ceVa^.^n^. 
This estimate follows from 

||^M)(r BV ) " V t (e,cf>')(r e ;-)\\ C 2, aiE2 _ Bl) ^ e^||5(0,? 4 ) - W,^)||^- (/aX[t)ej+oo)) 
and the estimate (1521. 



8. The matching of Cauchy data 
In this section we shall complete the proof of theorems 11.11 11.21 and 11.31 

8.1. The proof of theorem 11.21 The proof of theorem [L2] is articulated in two distinct parts: 
the proof of the existence of the family fC\ and of the existence of the family /C2. 

We start proving the existence of the family /C2. The proof is based on an analytical gluing pro- 
cedure. The surfaces in family IC2 are symmetric with respect to the vertical plane {x 2 = 0}. So 
all of the surfaces involved in the following proof must enjoy the same mirror symmetry property. 
We will show how to glue a compact piece of a Costa-Hoffman-Meeks type surface with bent 
catenoidal end to two halves of the KMR example M a ^ a $ along the upper and lower boundaries 
and to a horizontal periodic flat annulus with a removed disk along the middle boundary. All 
of the surfaces just mentioned have the desired property of symmetry as well as the surfaces 
obtained by them by a slight perturbation. We will recall below the necessary results we proved 
in previous sections. 

Using the result of section d we can obtain a minimal surface that is a perturbation of half the 
KMR example M a ^ a $ and is asymptotic to it. This surface, denoted by St^^^tift)-, can be 
parameterized over the annular neighbourhood B 2rE — B Te , of its boundary as the vertical graph 
of (see (El) 



U t (r, 9) = -(1 + A t ) ln(2r) + TK t cos9 - ^ + Xt ' & cos 9 + d t + H v ^ t {\n2r - v £ , 9) + O r 2, a (e). 

r b 
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This surface will be glued to the Costa-Hoffman-Meeks example along its upper boundary. The 
surface that will be glued along the lower boundary, denoted by S bt \ b £ bt d b ( l f b ), can be parame- 
terized in the annulus i?2r £ — B rE , as the vertical graph of 

U b (r,9) = (1 + A 6 ) ln(2r) + rn b cos 9 - ^ + ^ cosfl + d b +H Ve>Vb (\n2r - v £ ,8) + O c ,2, a (e). 

We remark that the functions (ft,<Pb £ C 2,Q! (S' 1 ) are even and orthogonal in the L 2 -sense to the 
constant function and to 9 — > cos#. 

Using the result of section HJ we can construct a minimal graph S m ((p m ) close to a horizontal 
periodic flat annulus. It can be parameterized, in the neighbourhood i?2r e — B Te of its boundary, 
as the vertical graph of 

U m (r,9) = H rejtprn (r,e) + O c 2, a (s), 

b 

where H Te ^ m is the harmonic extension of (p m £ C 2,a {S l ) which is an even function orthogonal 
in the L 2 -sense to the constant function. 

Thanks to the result of section 02 we can construct a minimal surface Mj e (e/2, ^), with ^ = 
(iptiipbiipm), which is close to a truncated genus k Costa-Hoffman-Meeks surface and has three 
boundaries. The functions ipt^b^m £ C 2 ' Q (5 1 ) are even. Moreover ipt,ipb are L 2 -orthogonal to 
the constant function and to 9 — > cos 9 and ^ m is orthogonal to the constant function. 

The surface M^ £ (e/2,^/) is, close to its upper and lower boundary, a vertical graph over the 
annulus B Ts — B re / 2 , whose parametrization is, respectively, given by 

U t {r, 9)= a t - ln(2r) - |r cos 9 + H A (s £ - In 2r, 9) + O c *, a (e), 
U b {r,9) = -cr 6 + ln(2r) - Jrcos0 + Fw, (s £ - ln2r,0) + O r 2, a (e), 



2 



where s £ = — ^ hie. Nearby the middle boundary the surface is a vertical graph whose parametriza- 
tion is 

U m (r,9) = H p ^ m (±,9\+O cl , a {e). 

The functions O c 2, a {e) replace the functions Vt,V b ,V m ,Vt,V b ,V m that appear at the end of 
sections 2J [3] and u\ They depend nonlinearly on the different parameters and boundary data 
functions but they are bounded by a constant times e in C b ' a topology, where partial derivatives 
are taken with respect to the vector fields rd r and dg. We assume that the parameters and the 
boundary functions are chosen so that 



(57) |A i | + |A fe | + |-A t ln^- 1 / 2 j+7 ?i | + |A b ln(e- 1 / 2 j +r?6 | +e - 1 /2 /2 | K<+e/2 | +e -i/2 /2 | Kb+e/2 | + 

2e 1/2 (|(l + A t )6l + 1(1 + h)£b\) + llVtllc 2 -"^ 1 ) + WfbWc 2 ^^ 1 ) + \\ i Pm\\c 2 ' a (S 1 ) + 
+ \\^t\\c^(S 1 ) + ll^llc^CS 1 ) + W^mWc^iS 1 ) < ke > 

where rjt = d t — at-, rj b = d b + a b . where the constant k > is fixed large enough. It remains to 
show that, for all e small enough, it is possible to choose the parameters and boundary functions 
in such a way that the surface 

StM&A&t) U S biXhtSbtdb ((p b ) U S m (<p m ) U Mj(e/2, *) 

is a C 1 surface across the boundaries of the different summands. Regularity theory will then 
ensure that this surface is in fact smooth and by construction it has the desired properties. This 



36 L. HAUSWIRTH, F. MORABITO, AND M. M. RODRIGUEZ 

will therefore complete the proof of the existence of the family of examples denoted by JC\. 



It is necessary to fulfill the following system of equations 

U t (r £ ,-)=U t (r £ ,-" 
U b (r ei - 
U m {r e ,- 
d r U b (r e , 
d r U t {r e ,' 

O r U m \T e , ■ 

on S . The first three equations lead to the system 

-A t In (2r e ) +rjt~ ((1 + \t)r) cos 6 + r e («t + §) cos + ^ 



) = f/ b (r e 
)=t/ m _(r £ ,-) 
) =d r U b (r £ ,-) 
)=d r U t (r £ ,-)^ 
) = d r U m (r F 



J r u m \ i e i 



(5i 



ipt = O c 2, a (e) 



X b In (2r e ) + 7/ 6 - (1 + A b )st cos + r £ (K 6 + |) cos 6 + ip b -ip b = O r 2, a (e) 



cf 



V> m = O c 2, Q (e). 



The last three equations give the system 



(59) 



-A* + [{I + \ t )f E j cos6 + r £ {K t + f ) cosfl - d e (ipt + A) = ^.-(e) 

A 6 + ((1 + A 6 )&) cos# + r £ ( Kfe + f ) cos# - fy(p 6 + ip b ) = O c i, a (e) 

de(Vm +ip m ) = O c i, a (e). 



To obtain this system we applied the results of lemma f9T6l and l9?7l Here, the functions O c i, a (e) 
in the above expansions depend nonlinearly on the different parameters and boundary data 
functions but they are bounded by a constant times e in C l,a topology. The projection of the 
first two equations of each system over the L 2 -orthogonal complement of Span{ 1 , cos 6>} and the 
remaining two equations gives the system 



(60) 



ipt = O r 2, a {e) 



<Pt- 

f b -ipb 

Vm-ll>m = O r 2, a (e) 

d 9 ipt + d 9 ij t = O r i, a (e) 

d 9 ip b + d 9 ip b = O c i, a (e) 

deipm + deipm = O c i, a {e). 



O c 2, a (e) 



Lemma 8.1. The operator h defined by 

C 2 > a (S l ] 



-» C l ' a (S l ) 
d 6 ip 



acting on functions that are orthogonal to the constant function in the L 2 -sense and are even, is 
invertible. 

Proof ([4]). We observe that if we decompose ip = J2j>i Vj cos(j#), then 

H<P) = -^J'PjSinijd), 

is clearly invertible from f/" 1 (5 1 ) into L 2 (S l ). Now elliptic regularity theory implies that this is 
also the case when this operator is defined between Holder spaces. □ 
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(62) 



Using this result, the system ([6011 can be rewritten as 

(61) (ip t ,(pb,y>m,'>Pt,ipb,ip m ) = C 2, a (e). 

Recall that the right hand side depends nonlinearly on </?t> ¥>6, ^m,^*, V'ft, ^m and also on the 
parameters At, \,i]t,ilbi£,t,£,bi K t, K b- We look at this equation as a fixed point problem and fix 
k large enough. Thanks to estimates (|56j) . (fT9]l . (f20]l . (|T6l) and (fT7l) . we can use a fixed point 
theorem for contracting mappings in the ball of radius ke in (C 2,a (5 1 )) 6 to obtain, for all e small 
enough, a solution (</3t,¥>&>¥?m> ^t, V'bjV'm) of ([6TJ) . This solution being obtained a fixed point for 
contraction mapping and the right hand side of ([61]) being continuous with respect to all data, 
we see that this fixed point (c^t, </?&, Vm, V'i, V^, Vv«) depends continuously (and in fact smoothly) 
on the parameters At, A&, rft, rjb, £t> £&, «t, Kb- Inserting the founded solution into (|58l) and (|59l) . we 
see that it remains to solve a system of the form 

-At m(2r e ) + Vt + (-(1 + A 4 )| + r e («t + §)) cos 9 = 0(e), 

X b ln(2r £ ) + rj b + (-(1 + \ b )& + r £ ( Kb + §)) cos 9 = 0{e), 

-A t + ((1 + A t )| + r £ (n t + §)) cos9 = 0(e), 

A 6 + ((1 + A 6 )| + r £ ( Kfc + §)) cosfl = 0(e). 

where this time, the right hand sides only depend nonlinearly on At, A^, rjt, rjb, £t> £b> K t, K b- There 
are eight equations that are obtained by projecting this system over the constant function and 
the function 9 — ► cos 9. If we set 

(fJuVb) = (-A t ln(2r £ ) + r/t,A b ln(2r e ) +%), 

(6,4) = r s 1 (( 1 + -^i)6,(l + A 6 )6), («t,«&) = r £ (nt,K b ), 
the previous system can be rewritten as 

(63) (At,A 6 ,6,4,m,%,'«t,«b) = 0(e)- 

This time, provided k has been fixed large enough, we can use Leray-Schauder fixed point the- 
orem in the ball of radius ke in M 8 to solve (|63l) . for all e small enough. This provides a set 
of parameters and a set of boundary data such that ((551) and (f5^1 hold. Equivalently we have 
proven the existence of a solution of systems ([5511 and ([5§[) . So the proof of the first part of 
theorem 11.21 is complete. 

The proof of the second part of theorem 11.21 uses the same arguments seen above. So we will 
omit most of the details. Our aim is showing the existence of the family of surfaces denoted by 
JC\. The surfaces in the family K,\ are symmetric with respect to the vertical plane {x\ = 0}. It 
is important to observe that in the proof, the KMR example which we deal with, is obtained by 
slight perturbation of M^o,/?- The symmetry properties of this surface differ by the ones of the 
surface close to M CTjQ> o involved in the gluing procedure described above. In particular M„^./3 is 
symmetric with respect to the vertical plane {x\ = 0}. We recall that the Costa-Hoffman-Meeks 
type surface involved in the first gluing procedure enjoys a mirror symmetry with respect to the 
vertical plane {x2 = 0}. Then it is not appropriate for the gluing with a KMR example of the 
type described above. To obtain the Costa-Hoffman-Meeks type surface we need, it is sufficient 
to rotate counterclockwise by tt/2 with respect the vertical axis 23 the Costa-Hoffman-Meeks 
surface with bent catenoidal ends described in section [3l The surface obtained in this way enjoys 
the mirror symmetry with respect to the vertical plane {x\ =0}. In the parametrizations of the 
top and bottom ends the cosinus function is replaced by the sinus function, that is: 
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U t (i 


;0) = 


a t - ln(2r) - 


U b (r, 


o) = 


-a b + ln(2r) 


-2 In 


e and 


(r,9) € B r 



-r sin i 



+ #. 



<M 



ln(2r),i 



+ O c 2, Q (e), 



r sin + ify (s e - ln(2r) , 6) + O r 2, a (e) , 



B re /2- As for the planar middle end, the form of its 



where s £ - 

parametrization remains unchanged. We refer to the first part of the proof for its expression. An- 
other important remark to do, concerns the properties of the Dirichlet boundary data tpt^b, ipm- 
If before it was requested that they were even functions and orthogonal (only ip t ,ip b ) to the 
constant function and to 9 — > cos0 to preserve the mirror symmetry property with respect to 
the vertical plane {x\ = 0}, now as consequence of the above observations they must be odd 
functions and ipt,fpb must be orthogonal to the constant function and to 9 — > sin 9. It is clear 
that all the results showed in section [3] continue to hold. 

Now we give the expressions of the parametrizations of the surface St\ t £ tt d t ((pt), the minimal 
surface obtained by perturbation from the KMR example M a Q^ and asymptotic to it. This 
surface can be parameterized in the neighbourhood B2r e — B Te , as the vertical graph of 



U t 



[1 + A t )ln(2r) + rK t sin9 



(1 + A t 



-&sin0 + dt + 7i Ve , ipt (hi2r - v £ ,9) + O c 2, a {e) 



r b 

The parametrization of the surface that we will glue to the Costa-Hoffman-Meeks type surface 
along its lower boundary is given by 

(1 + A&) 



C/ 6 (r,0) = (l + A 6 )ln(2r)-£6 : 

where (r, 9) G i?2r e — B Te . 



sinfl + ck + n VstVb {hx2r -v £ ,9) + O c ,2, a (e) 



To prove the theorem it is necessary to show the existence of a solution of the following system 
of equations 



U t (r e ,- 
U b (r e ,- 

d r U b (r £ , 
d r U t (r £ ,- 

o r U m [r £ , ■ 

for the parameters and the boundary functions. It is clear 
that the proof of the existence of a solution of this system is based on the same arguments seen 
before. We remark that the role played before by the functions 9 — ► cos(i9), now is played by 
the functions 9 — ► sin(i#). That completes the proof of theorem 11.21 



U b (r £ , •) 

U m (r e ,-) 

d r U b (r £ ,-) 
d r U t (r £ ,-) 
o r U m (r £ , ■ 



on S 1 , under the assumption ([5 



8.2. The proof of theorem II. 11 To proof the theorem 1 1.1 1 we will glue a compact piece of the 
surface Mj(£), with £ = 0, described in section[3]to two halves of a Scherk type surface along the 
upper and lower boundary and to a horizontal periodic flat annulus along the middle boundary. 
The construction of these surfaces is showed in section [H In particular we showed the existence of 
a minimal graph close to half a Scherk type example whose ends have asymptotic directions given 
by cos 9\ ei + sin 9\e% and — cos #2^1 + sin #263. These surfaces in the neighbourhood i?2r £ — B Te 
of the boundary, admit the following parametrization 

U t = d t - ln(2r) + H rttVt (r,e) + O r 2, a (e), 



U b = d b + ln(2r) + H,, 



r e ,<Pb 



[r,9)+O c 2,4e), 
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where the Dirichlet boundary data tpi E C 2 '"^ 1 ), for i = t,b, are requested to be even and 
orthogonal to the constant function, w ipi denotes their harmonic extensions. The other surfaces 
involved in the gluing procedure have been described in the previous subsection. 

The proof is similar to the one given for theorem [Q so we will give only the essential details. 
Actually to prove the theorem it is necessary to show the existence of a solution of the following 
system of equations 



on S l 
U t ,U b 



U t (r £ , 
U b (r £ , 

d r U b (r £ , 
d r U t (r £ , 

O r U rn [T £ , 

under a assumption similar to (|57|) . 



)=Ut(r £ ,-) 
) = U b (r £ , •) 
) = U m (r £ ,-) 
) = d r U b (r £ ,-) 

) = d r U t {r e ,-) 

) = d r U m (r e ,-) 

We refer to subsection 18.11 for the expressions of 



U m ,U m . It is necessary to point out that in this subsection we consider the more sym- 
metric example (£ = 0) in the family (Mj(£))g. So it is necessary to replace e/2 by in the 
expressions of the functions Ut and U b of the top and bottom ends. 

We want to remark the boundary data for the surfaces we are going to glue together do not sat- 
isfy the same hypotheses of orthogonality. All of these functions are orthogonal to the constant 
function, but only ipt,ipb are orthogonal to 9 — ► cos9 too. The functions denoted by O r i. a {e) 

i 

that appear in the expressions of E7j and £/j, with i = t,b, m, have a Fourier series decomposition 
containing a term collinear to cos 9 only if the corresponding boundary data is assumed to be 
orthogonal only to the constant function. Furthermore the fact that £ = (the catenoidal ends 
are not bent) implies that functions which parametrize the top and bottom end of Mj(0) are 
orthogonal to cos 9. In other terms, in difference with the Scherk type surfaces, we are not able 
to prescribe the coefficients in front of the eigenfunction cos 9 for the catenoidal ends of AfJ(O), 
because in this more symmetric setting are obliged to vanish. 



The first three equations lead to the system 

Vt + tpt-fpt 
(64) 



O c 2, a (e) 
Vb + Pb-ipb = O r 2, a (e) 



¥i 



Ipr, 



O r 2,a(e), 



where r\ t = dt — <Jt, Vb = d b + a b . The last three equations give the system 

(65) I d e ((p b + ip b ) = O c i, a (e) 

[ d e (ip m + ip m ) = O c i, a (e). 

Now to complete the proof it is sufficient to use the same arguments of subsection EH 



8.3. The proof of theorem 11.31 To prove this theorem it is necessary to treat separately the 
case k = and k > 1. 



The case k=0. We will glue half a Scherk example with half a KMR example with a = (3 = 0. 
We observe that this surface is symmetric with respect to the {x\ = 0} and {22 = 0} planes. 
The Scherk example is symmetric with respect to the {X2 = 0} plane. To preserve this property 
of symmetry in the surface obtained by the gluing procedure, we will consider the perturbation 
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of Mcr,o,o which enjoys the same mirror symmetry. That is the surface denoted by St t \ t £ tt dt(<p) 
with Xt = £t = and dt = d. It can be parametrized in the annulus Z?2r e ~~ B Te as the vertical 
graph of 

U(r,9) = - In(2r) + d + U v ^{hx2r - v e , 9) + C 2,*(e). 
The Scherk example is parametrized as the vertical graph of 

U(r, 9) = - ln(2r) + d + H r .^(r, 9) + 0^, a (e). 

As for the Dirichlet boundary data, we assume cp to be an even function orthogonal to the con- 
stant function and to 9 — v cos 0, and ip to be an even function orthogonal to the constant function. 

To prove the theorem in the case k = 0, it is necessary to show the existence of a solution of the 
following system of equations 

U(r £ ,-)=U(r £ ,-) 
d r U(r £ , •) = d r U(r £ , •) 

on S , under appropriate assumptions on the norms of the Dirichlet boundary data and the 
parameters £, d, d. These equations lead to the system 

{■q + cp - tp = C 2, a (e) 

where r\ = d — d. Now to complete the proof it is sufficient to use the same arguments of subsec- 
tion [8J] The details are omitted. 



The case k ^ 1. The proof of the theorem in this case is similar the proof of theorem 11.11 
In fact three of the surfaces we are going to glue are a compact piece of the Costa-Hoffman- 
Meeks example M^, half a Scherk type example and a horizontal periodic flat annulus as in the 
proof of theorem 11.11 The fourth surface is half a KMR example, of the same type of the proof 
of theorem for k = 0. The surfaces are parametrized as vertical graph over l?2r e — B Te of the 
following functions: 

U b (r, 9) = ln(2r) + d b + H rem (r, 9) + 0^, a [e), 

b 

for the Scherk type example, 

U m (r,9) = H r ^ m (r,9) + O c 2, a (e), 

b 

for the horizontal periodic flat annulus, 

U t (r, 9) = - ln(2r) + d t + H Ve>(pt (ln2r - v e ,0) + O c 2, a (e), 
for the KMR example, 

U t (r,9) = a t - ln(2r) + H ft (s e - ln(2r),0) + O c 2, a (e), 

U b (r, 9) = -a b + ln(2r) + H^ b (s £ - \n{2r),9) + 0^,-(e), 

U m (r,9)=H p ^ m (-,9) + O c 2,4e) 

for the compact piece of the Costa-Hoffmam-Meeks example. The Dirichlet boundary data are 
requested to be even functions. Functions ipt, ^h are orthogonal to the constant function and to 
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9 — > cos9. Functions ip m , ipt, (ff,, (p m are orthogonal only to the constant function. In this case 
the system of equations to solve is: 

' m + (ft - tpt = O c 2, a (e) 

J b 



(67) 



Vb + Pb-ipb = O r 2, a (e) 



fm - i>m = O r 2, a (e) 



d e ((p t + ipt) = O r i, a (e) 



d 9 (cp b + ip b ) = O r i, a (e 



de(<p m + ipm) = O r i, a (e), 
where rjt = df — at, f]\, = d b + a b - The details are left to the reader. 

9. Appendix A 

Definition 9.1. Given I 6 N, a £ (0, 1) and v G R, the space C u ' a (B po (0)) is defined to be the 
space of functions in C l ^{B f)Q (Q)) for which the following norm is finite 

\\p~ u w\\ c i,a( Bpo (ty. 

Now we can state the following result. 

Proposition 9.2. There exists an operator 

H : C^iS 1 ) ^ C^iS 1 x [p,+oc)), 

such that for each even function <p{6) £ C 2,a {S l ), which is I? -orthogonal to the constant function, 
then w v = Hp^ solves 

SiVy = on S 1 x [p, +oo) 

Wtp = ip on S 1 x {p}. 

Moreover, 

(68) WEpvW&Zi&xfo+oo)) < c IMb>.«(Si)> 

for some constant c > 0. 

Remark 9.3. Following the arguments of the proof below, it is possible to state a similar propo- 
sition but with the hypothesis <p odd. 

Proof. We consider the decomposition of the function pi with respect to the basis {cos(i#)}, 
that is 

oo 

(p = y. <Pi cos(i9). 

«=i 



Then the solution w^ is given by 

>(p>0) = 5Z ( _ ) i ft cos i i6 )- 

i— 1 \r / 



00 / -\ i 
i=\ 



Since £ ^ 1, then ( 1 1 ^ ( £ 1 , we can conclude that \w(r, 6)\ ^ cp 1 \p(9)\ and then ||u; ( p|| c ,3,a, ^ 

c\\(p\\ C 2, a . a 

Now we give the statement of an useful result whose proof is contained in [4]. 
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Proposition 9.4. There exists an operator 

H : C 2 ' a {S l ) — ► C 2, 2 ([0, +oo) xS 1 ), 

such that for all <p G C 2,a (S l ), even function and orthogonal to 1 and cos9, in the 1? -sense, the 
function w = H^ solves 

\ (d 2 + d 2 ) w = in [0, +oo) x S l 

y w = ip on {0} x S 1 

Moreover 

for some constant c > 0. 

Proposition 9.5. There exists an operator 

H vo : C 2 ' a {S l ) — C^iS 1 x bo,+oo)), 

[i G (—2,-1), s«c/i that for every function ip(v) G C 2,a (5' 1 ), which is L 2 -orthogonal to eo,j(u) 
wii/i i = 0, 1 anc? ewen, i/ie function w v = 7i V0 (p) solves 

ti^ = tp on S 1 x {^o}- 

Moreover, 

( 69 ) H^oHllc^(5ixN,+oo]) < c IMIc^(Si), 

/or some constant c > 0. 

Proof. We consider the decomposition of the function ip with respect to the basis {eo,i(«)}, that 
is 

oo 

V = y^^eo,i(tt). 

i=2 
Then the solution «;„ is given by 



Wip (u,v) =J2^ i{v ~ Vo)( Pieo,i(u)- 



i=2 

We recall that jjl G (—2, —1) so we have —i^fi from which it follows |wvl2,a;[«,«+i] ^ &^ v ~ V0 '\p\2,a 
and 

IK|| c2 ,a= sup e-» v \w^ a . [VjV+1] < sup e-^e^-^V| 2 ,a < e"^V| 2 , a . 

D 

Lemma 9.6. Letu(r,6) be the harmonic extension defined on [ro,+oo) x S 1 of the even funcion 
p G C 2 '°(S' 1 ) and such that u(r ,6) = p{9). Then 

d 9 u(r, 9 - 7r/2)| r=ro = -r d r u(r, 9)\ r=rQ . 
Proof. If <p(9) = X^X)^* cos(i9), then the function u is given by 



u{r, V) = 

i>0 



„ • ^n \ / 
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Then 



r V icos(i9) 



and 



Consequently 



d r u(r, 8) = V) ipi ( — ) 

d e u(r, 8) = - y^ ifij ( — j i sin(i6>). 
dgu(r, 8 — 7r/2) = — YJ y>j I — ) i cos(i#) 



i>0 

from which lemma follows easily. □ 

Lemma 9.7. Let u(r,6) be the harmonic extension defined on [0, r*o] X S 1 of the even funcion 
if € C 2,Q (5 1 ) and such that u{tq,8) = tp(9). Then 

d e u(r, 8 - 7r/2)| r=ro = r d r u(r, 8)\ r=TQ . 
Proof. If cp(8) = ^2i>ofi cos(i9), then the function u is given by 

u(r,9) =^2 l Pi( — ) cos(i9). 



i>0 



Then 



and 



d r u(r,9) = - ^ (fj ( — 



roV icos(i9) 



r 



d 9 u(r,9) = ~^2<fi ( — J isin(i 



j^o 



Consequently 



dgu(r, 9 — 7r/2) = — YJ (/?j ( — J i cos(i9) 
from which lemma follows easily. □ 



10. Appendix B 

Proof of proposition 17.11 Let Z be the immersion of the surface M ff)(Jlj p and N its normal 
vector. We want to find the differential equation to which a function / must satisfy such that 
the surface parametrized by Zf = Z + fN is minimal. In section [52] we parametrized the surface 
M a>a: p on the cylinder S 1 x M.. We introduced the map z(x, y) : S 1 x [0, ir{—>- C where x, y denote 
the sphero-conal coordinates. We start working with the conformal variables p, q defined to be 
as the real and the imaginary part of z. It holds that 

\Z p \ 2 = \Z q \ 2 = A, \N p \ 2 = \N q \ 2 = -KA, 
(N p , N) = (N q , N) = 0, (Z p , Z q ) = 0, {N p , N q ) = 0, 
(N q , Z q ) = -(N p , Z p ), (N q , Z p ) = {N p , Z q ), 
so 

(N p ,Z p ) = \Np\\Z p \ COS71 = V— if A cos 71, 



(N p ,Z q ) = \N p \\Z q \ cos J2 = V-KAcos^- 
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Here K denotes the Gauss curvature, Z p , Z q and N p , N q denote the partial derivatives of the 
vectors Z and N, 71 is the angle between the vectors N p and Z p , 72 is the angle between the 
vectors N p and Z q . 

The proof of proposition 17.11 is articulated in some lemmas. We denote by Ef,Ff, Gf the coeffi- 
ciens of the second fundamental form for the surface parametrized by Zf. The following lemma 
gives the expression of the area energy functional. 

Lemma 10.1. 

A(f):=Jy/E f G f -Ffdpdq, 

with 

E f Gf - F 2 = A 2 + A(/ 2 + / 2 ) + 2KA 2 f + 2/(/ 2 - / 2 ) v /z KAcos 7 i 

-4ff p f q ^KAcos l2 - KAf 2 (f 2 + f 2 ) + f 4 K 2 A 2 . 

Proof. The coefficients of the second fundamental form are: 

E f = \8 p Z f \ 2 = \Z P \ 2 + f 2 + f 2 \N p \ 2 + 2f(N p , Z p >, 

|2 I 7 |2 1 $1 1 j?2i 7\r |2 



Then 



G f = \d q Z f \ z = \Z q \ z + ft + f*\N q \* + 2f(N q , Z q ), 
F f = \d p Z f ■ d q Z f \ = f p f q + f((Z p , N q ) + (Z q , N p )). 

EfGf = \Z p \ 2 \Z q \ 2 + / 2 |Z g | 2 + / 2 |Z P | 2 + f 2 (\N q \ 2 \Z p \ 2 + \N p \ 2 \Z q \ 2 ) + 

|2 1 ^2| at |2\ 1 r&\ at |2| »r |2 



/ 2 (/ 2 | iV g | 2 + / 2 |iV p | 2 ) + f\N p \ 2 \N q \ 2 + 4f 2 ((N p Z p ))((N q Z q )) + 2f(f 2 (N q , Z q ) + f 2 (N p , Z p ))+ 
f 2 f 2 + 2f((N q ,Z q )\Z p \ 2 + (N p ,Z p )\Z q \ 2 ) + 2f((N q ,Z q )\Z p \ 2 + (N p , Z p )\Z q \ 2 ). 

Since (N q , Z q ) + (N p , Z p ) = and |Z P | 2 = |Z g | 2 we can conclude that the last two terms of the 
previous expression are zero. Since (N q ,Z p ) = (N p ,Z q ) we have 

F f = f p f q + 2f(N p ,Z q ). 

Then 

Ff = f 2 f 2 + 4/ 2 ((iV p , Z q )) 2 + 4ff p f q (N p , Z q ). 

So the expression of EfGf — F 2 is: 

|Z P | 2 |Z,| 2 + / p 2 |Z g | 2 + / 2 |Z p | 2 + / 2 (|Ag 2 |Z p | 2 + |Ay 2 |Z/)+ 

fHfp\N q \ 2 + f 2 \N p \ 2 ) + f\N p \ 2 \N q \ 2 + 4/ 2 «iV p , Z p )((N q , Z q )) + 2f(f 2 (N q , Z q ) + f 2 (N p , Z p )) 

-4/ 2 ((iV p , Z q )) 2 - Aff p f q (N p , Z q ). 
Ordering the terms we get: 

|Z P | 2 |Z,| 2 + / 2 |Z 9 | 2 + / 2 |Z P | 2 + / 2 (|^| 2 |Z P | 2 + \N p \ 2 \Z q \ 2 ) - Af 2 {{N p , Z q )) 2 

+4/ 2 ((iV p , Z p ))((N q , Z q )) + 2/(/ p 2 (iV„ Z q ) + f 2 (N p , Z p )) - 4ff p f q (N p , Z q ) + 

+f 2 (fp\N g \ 2 + / 2 |iv p | 2 ) + / 4 |iv P l 2 l^l 2 - 

The expression of EfGf — F 2 becomes: 

A 2 + A(/ p 2 + f 2 ) - 2KA 2 f 2 + Af 2 KA 2 (cos 2 71 + cos 2 72) + 
+2/(/ 2 - / 2 )v /z ^Acos7i - 4J7 p / (? v / ^Acos72 - ^A/ 2 (/ 2 + f 2 ) + / 4 K 2 A 2 . 
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Using the relations (N q ,Z p ) = (N p ,Z q ) and (N q ,Z q ) = —(N p ,Z p }, it is possible to understand 
that the relative positions of these vectors are such that 72 = f ±7i- So cos 2 72 = cos 2 (| ±71) = 
sin 2 71 and cos 2 71 + cos 2 72 = 1. Then we can write: 

A 2 + A(/ 2 + f 2 ) + 2KA 2 f 2 + 2/(/ 2 - f 2 )V^K Acos 71 

-4ff p f q V^KAco Sl2 - ^A/ 2 (/ 2 + f 2 ) + f 4 K 2 A 2 . 

□ 
The next lemma completes the proof of the proposition 17.11 

Lemma 10.2. The surface whose immersion is given by Z + fN, is minimal if and only if f 
satisfies 

£*f + QM) = o, 

where C a is the Lame operator and Q a is a second order differential operator which satisfies 
||Qor(/2) - Q<t(/i)||c°>«(/ ct x[«^+1]) ^ c SU P \\fi\\c 2 - a (I a x[v,v+l]) 11/2 - /l|lc 2 ' Q (/ CT x[D,-u+l])- 

2=1,2 

Proof. The surface parameterized by Zf = Z + fN is minimal if and only the first variation of 
A(f) is 0. That is 

2DA\ f (g) = [ l Df{E f Gf - F 2 ) (g) dpdq. 

J y/(E f G f -Fj)^ 

Thanks to the previous lemma it holds that 

1 „ ,„ „ „Ow , 1 



D f (E f G f - F 2 )(g) = - (2A(f p g p + f q g q ) + 4KA 2 fg+ 
(EfGf-F 2 ] 



, 2) JV J J J '^' A 

l/=o 

+2v /Z KAcos 7l [2ff q9q + gf 2 q - 2ff p9p - gf 2 ] + 

-4 V /Z ^A cos 72 [ff q g p + fg q f p + gfpfq] + 
-2KA [fgf 2 + f p g p f 2 + fgf 2 + f q9q f 2 ] + AK 2 A 2 fg) . 
Reordering the summands, we have: 

-Df{E f Gf - F 2 )(g) = 2 (f p g p + f q g q + 2KAfg+ 



^ G f~ F f\ f=0 

+v /z ^cos 7 i [2f(f q g q - f P g P ) + g(f 2 - f 2 )} + 

-2^/^KcOS 72 [f{fq9p + 9qfp) + gfpfq] + 

-K [fg(f 2 + f 2 ) + f 2 (f p g p + f q g q )] + 2^ 2 A/ 3 5 ) . 
In the next computation we can skip the factor 2 in front of the last expression. 

f P g P + f q g q + 2KAfg + Qi(/, f p , f q )g - Q 2 (f, f p , f q )g p - Q 3 (f, f P , f q )g q = 0, 
where 

Qi(f, f P , f q ) = ~(fp ~ / 9 2 )V=^cos 7l - 2f p f q V^Kcos l2 - Kf(f 2 + f 2 ) + 2K 2 A/ 3 , 
QiifJpJq) = 2ff p V^Kco S11 + 2ff q V^Kco Sl2 + Kf 2 f p , 
QsUJpJq) = -2ff q ^Kcos 7l + 2ff p V^Kcos 72 + Kf 2 f q . 
An integration by parts and a change of sign give us the equation: 

(f PP + f qq -2KAf-Q 1 (f,f p ,f q ) + 
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where 
and 
That is 
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~T*2\Ji Jpi Jqi Jppi Jpqi Jqq) + -" 3v/ ) Jpi Jqi Jppi Jpqi Jqq)) 9 = U, 

*2\J) Jpi Jqi Jppi Jpqi Jqq) = OpW2\J i Jpi Jq) 

'3Ui Jpi Jqi Jppi Jpqi Jqq) = ^qQ3{Ji Jpi Jq)- 



P2(f, fp, fq, fpp, fpq, fqq) = 2(fp + f fpp)\ / ^K COS 71 + 2(f p f q + f f pq )V^K COS 72 + 

+2f(2// p 2 + / 2 / pp ) + 2 f(f P (V=K cos 7l ) p + / g (^/^cos 7 2) P ) + / 2 / P ^ P 



and 



-fM/, /p, /g, /pp, /pg, fqq) = ~%fq + f fqq)V^K COS 71 + 2(/ p / g + f f pq )\^K COS 72 + 

+K(2// 2 + / 2 / gg ) + 2/(-/ 9 (x/=^cos 7 i) g + / P (^^cos 72 ) 9 ) + / 2 i^- 

Now we change the variables, passing from the (p, q) variables to the (u, v) variables. Then we 
want to understand how above differential equation changes. We recall that p and q are the real 
and imaginary part of the variable z of which we know the expression in terms of the spheroconal 
coordinates x, y (see (J2"%j) ), It is known that the metric g induced on a surface whose immersion Z 
is given by the Weierstrass representation on a domain of the complex z-plane, can be expressed 
in terms of the metric ds 2 = dp 2 + dq 2 , by g = K(dp 2 + dq 2 ), where A = \Z p \ 2 = \Z q \ 2 . The 
Laplace-Beltrami operators written with respect to the metrics ds 2 and g are related by: 



w 



i* 



That is they differ by the conformal factor 1/A. In section 17.11 we observed that the conformal 
factor related to the change of coordinates (x, y) — > (u, v) is —K/k. So the conformal factor due 
to the change of coordinates (p, q) — » (u, v) is obtained by multiplication of the conformal factors 
described above. Summarizing it holds that 

-KK 



Jpp ~t~ J< 



pp T Jqq 



k 



\Juu + Jv 



So we can write 
where 

Rl(fifuifv) = ~ 

-KK 



-KK 



{fun + fw) + 2 (-KK) f + R 1+ R 2 + R 3 



-KK 

~k~ 



-(/« " /, 2 )V Z ^cos 7 i - 2f u f v V^Kcos l2 - Kf(f 2 + f 2 ) - 2K 2 Kf 



(f 2 - fi)V=K cos 71 + 2f u f v V^Kcos~f 2 + K/(/ 2 + f 2 ) - 2Kkf 
-KK 



k 

J^2\J i Jui J vi Juui Juvi Jvv) 



-Pl(fifuifv), 



and 



-^3\J i Jui J vi Juui Juvi Jv 

We can write, simplifying the notation: 



-KK 
-KK 



"2Ui Jui Jvi Juui Juvi Jvv) 
*~3\Ji Jui Jvi Juui Juvi Jvv)- 



-KK 
~k~ 



[fuu + fvv + 2k(u,v)f + A(/) + P 2 (/) + W)] = 0. 
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We can recognize the Lame operator, 

C-af = fuu + fw + 2(sin 2 a cos 2 x(u) + cos 2 a sin 2 y(v))f, 

then, if we set Q a = P\(f) + -fbC/) + -fM/); the equation can be written 

C<rf + Q<r(f) = 0. 

To show the estimate about Q a is sufficient to show that all its coefficients are bounded. In 
particular we will show that the Gauss curvature K and its derivatives K u , K v are bounded. We 
start observing that k / x /~\ r v \\ is bounded. It is well known that the Gauss curvature has the 
following expression in terms of the Weierstrass data g, dh: 



K 



-16 



f 

\g\ 



dg 
9 



\dh\~ 



We recall that dh 



/idz 



-=. Since \z 2 + A 2 ||,z 2 + A 2 | and k(x,y) = sin 2 a cos 2 x(u) + 

y(,z 2 + 2 )(z 2 + 2 ) 

cos 2 a sin 2 y{v) have the same zeroes, that is the points D, D', D", D'" given by (f22]l . then —K/k 
is bounded as well as its derivatives. 



We can give an estimate of the derivatives of K and \J — K. We can write \/—K = \ky —%-■ 

From the observations made above it follows that it is sufficient to study the derivatives of \fk 
to show that the derivatives of \f—K are bounded. 

We recall that 

l(x) = v 1 — sin 2 a sin 2 x m(y) = yl 
From the expression of k, using (|29|) it is easy to get: 



cos 2 a cos 2 y. 



Vk 



d_ 

du 

ov 



sin 2 a sin 2x(u) 



2\[k 
cos 2 <jsm2y(v) 
2y/k 



l(x(u)), 



m(y{v)). 



Then 



7^ 
ou 

^-Vk 

ov 



sin 2 a\ sm2x(u)\l(x(u)) 



^ 



sin a\ sm.2x{u) 



2yjsm 2 a cos 2 x{u) + cos 2 a sin 2 y(v) 2sin<r| cosx(w)| 



cos 2 a\ sin2y(v)\m(y(v)) 



C 



cos 2 a\ sin2y(w) 



< sino", 



< cos a. 



2 -^/sin 2 a cos 2 x(u) + cos 2 a sin 2 y(v) ^ 2cosa| siny(u) 

That is the derivatives of \fk (and consequently the ones of \J —K) are bounded. That completes 
the proof. 

□ 



11. Appendix C 
The differential equation 
(70) sinyc^ {smyd y f) - j 2 f + 2sin 2 y / = 

is a particular case (I = 1) of the associated Legendre differential equation, that is given by 

sinydy (sinyd y f) - j 2 f + 1(1 + 1) sin 2 y f = 0, 
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where l,j £ N. The family of the solutions of equation ([70]) (see [1]) is 

ciP/(cosy) + c 2 Qj(cosy), 

for I = 1, where Pfit) and Qj(t) are respectively the associated Legendre functions of first and 
second kind. If I = 1 these functions are defined as follows: 

( t if j = 

P((t) = \ -VT^¥ if j = i 

( 0, if j>2, 

Q{(t) = (-l) J Va^^P and Q?(t) = | In (±±| 
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